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Abstract. We define and study two-dimensional, chiral conformal field theory by the
methods of algebraic field theory. We start by characterizing the vacuum sectors of
such theories and show that, under very general hypotheses, their algebras of local
observables are isomorphic to the unique hyperfinite type III, factor. The conformal
net determined by the algebras of local observables is proven to satisfy Haag duality.
The representation of the Moebius group (and presumably of the entire Virasoro
algebra) on the vacuum sector of a conformal field theory is uniquely determined
by the Tomita-Takesaki modular operators associated with its vacuum state and its
conformal net. We then develop the theory of Moebius covariant representations of a
conformal net, using methods of Doplicher, Haag and Roberts. We apply our results
to the representation theory of loop groups. Our analysis is motivated by the desire
to find a “background-independent” formulation of conformal field theories.
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I. Introduction

Eight years ago, the seminal paper of Belavin, Polyakov and Zamolodchikov [1]
triggered renewed interest among theoretical physicists in two-dimensional conformal
field theories and their infinite-dimensional symmetry algebras (the Virasoro algebra,
Kac-Moody algebras and W -algebras). An impressive body of knowledge concerning
conformal field theories has since been accumulated. Two-dimensional conformal field
theories have been found to be important tools in the theoretical analysis of many
physical systems. Among such systems are two-dimensional statistical systems at a
critical point (theory of critical phenomena) [2], systems of condensed matter physics,
such as quantum Hall fluids [3], polymers [4], Kondo systems [5]. Quite generally,
physical systems exhibiting critical phenomena involving infinitely many degrees of
freedom which — possibly after dimensional reduction — form a subsystem in a two-
dimensional space-time can be studied with the help of techniques from conformal
field theory.

Perhaps the deepest applications of these theories have been made in the context
of string theory [6]. Conformal field theory is to string theory what the theory of
irreducible, unitary representations of the Poincaré group is to relativistic quantum
field theory. A classification of conformal field theories would therefore appear to
represent an important issue. Much work has, in fact, been devoted to this problem.

One of the fascinating aspects of conformal field theories is that their analysis
involves a wide range of fairly sophisticated mathematical tools: the theory of infinite-
dimensional Lie algebras and loop groups [7], algebraic geometry [8], the theory of
tensor categories [9], operator algebra theory, in particular Jones’ theory of inclusion
of subfactors [10], BRST cohomology and quantum group theory [11], etc ...

Algebraic quantum field theory, founded by R. Haag in 1955, is a precise
mathematical formulation of quantum systems with infinitely many degrees of freedom
in the language of the theory of C*- and von Neumann algebras. For a survey of results
and methods and an account of the history see [12] (and refs. given there). Algebraic
quantum field theory enables one to study structural features of the quantum theory
of systems with infinitely many degrees of freedom in a general and mathematically
clean way independent of special models. Among general properties of such systems
studied with the methods of algebraic quantum field theory are: the classification
of parastatistics [13, 14], the localization properties of charged fields in quantum
field theories with a non-vanishing mass gap [15], quantum electrodynamics and
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scattering theory of infraparticles [16], the quantum-mechanical Noether theorem
[17], a general formulation of the Goldstone theorem [18], etc ...Most important,
the algebraic formulation of quantum field theory provides a precise mathematical
description of superselection rules and the conserved charges associated with them
(e.g., the electric charge, the baryon number, isospin, ...) [19], although it does
not directly elucidate their physical origin. Superselection sectors are interpreted as
Hilbert spaces of states carrying inequivalent representations of a net of algebras of
local “observables”. Superselection sectors can be composed in a way analogous to
taking the tensor product of two representations (or the corresponding representation
spaces) of a compact group. Mathematically, they can be viewed as the objects of a
tensor category [20, 10]. Recently, Doplicher and Roberts have brought the general
theory of superselection rules and quantum statistics to a high degree of perfection
by showing that the tensor categories of superselection sectors in four- or higher
dimensional quantum field theories are isomorphic to categories of representations of
compact groups. These groups play the role of symmetry- or global gauge groups
of the underlying quantum field theory. When they are Lie groups their Lie algebras
have the physical interpretation of algebras of conserved charges associated with
the superselection rules. Doplicher and Roberts also show how one can reconstruct
algebras of charged fields with Bose-Einstein- or Fermi-Dirac statistics from the net
of algebras of local observables and the superselection rules.

Unfortunately, most of their results do not hold, in general, for quantum field
theories in space-times of dimension two and three. This can be understood by
recalling that particles in space-times of dimension three may obey some quantum
statistics other than Bose Einstein- or Fermi-Dirac statistics, so-called braid statistics
[21]. It had already been noticed in the early seventies that charged fields of certain
quantum field theories in two space-time dimensions describing topological solitons
can form algebras not described by local commutation- or anticommutation relations;
(one then speaks of “exchange algebras” and “fields with braid (group) statistics”). The
same phenomena are encountered in three-dimensional Chern-Simons gauge theories.
The structure of superselection sectors in such theories cannot be reconstructed from
the representation theory of a compact symmetry group, and one must search for
an adequate notion of “quantized symmetries”, such as quantum groups, whose
representation theory reproduces that structure (see, e.g., [10]). It has turned out that
the algebraic formulation of quantum field theory provides the right tools leading to a
general understanding of braid statistics in two [22] and three [23, 24, 25] space-time
dimensions. In these studies, conformal- or gauge invariance were not used. As a
consequence, certain structural properties that one can derive e.g., from conformal
invariance (structure of local algebras of observables, Haag duality, ...) simply had
to be assumed from the outset. The purpose of this paper is to present a general
definition of two-dimensional conformal field theories in the context of algebraic
quantum field theory and to study their properties by algebraic methods. There are
several reasons which motivate this investigation. Before presenting them, we wish to
sketch how local algebras arise in conformal field theories on the example of a theory
whose chiral algebra is generated by its energy-momentum tensor (i.e., the Virasoro
algebra). Some other examples arising from different chiral algebras (current algebras)
will be examined in detail in Chap. III.

We assume the central charge c of the theory to be fixed. Because of conformal
invariance, the stress-energy tensor splits into a left-moving and a right-moving part,
each one defined over a compactified light ray, S' = {z € C | |z| = 1}, [26]. The
left-moving part of the energy-momentum tensor, 7'(z), for example, can be used to
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define von Neumann algebras of operators acting on the vacuum sector of the theory
(i.e., in the representation corresponding to the lowest weight A = 0) by setting

(L) = {expiT(f) | f a real C* function with supp f C I}". (1.1)

We recall that .#' denotes the algebra of bounded operators commuting with
A, and A" = (A'). In this way we obtain a collection, {A(I)};-g1, of von
Neumann algebras indexed by open, non-dense intervals on S satisfying the following
properties (see Definition 2.3).

@) Isotony: I C J = A(I) C A4(J).

(ii) Locality: INJ = & = #41) C A4(J) .
(iii) Moebius covariance: There exists a unitary representation 7, of the Moebius
group PSU(1; 1) on the vacuum sector such that

To(A) AT (A = AA-I), YA€ PSU(1; 1), VI C S,

(see Appendix I for the notation).

It turns out that, quite independently of the choice of an algebra of local, chiral fields,
i.e., of the so-called chiral algebra (e.g. a current algebra), the local algebras (defined
similarly as in Eq. (1.1)) are always isomorphic to the unique hyperfinite type III,
factor and satisfy properties (i)—(iii). Of course, the superselection structure of the
theory under consideration depends on the choice of the underlying chiral algebra.
After passing from chiral algebras of unbounded fields to local von Neumann algebras
of bounded operators which, as just mentioned, are universal, the properties of the
theory are coded into the assignment of an algebra _#4(I) to every interval I C S,
in such a way that properties (i)—(iii) hold. A more concise way of specifying a
conformal field theory is to choose a unitary representation 7, of the Moebius group
PSU(1; 1) on a separable Hilbert space .7 which “acts properly” on a subalgebra .4
contained in the algebra of all bounded operators on .% isomorphic to the hyperfinite
type III; factor. What we mean by a “proper action” of PSU(1; 1) on .4 will be
explained in Definition 2.2.

Next, we explain why we wish to analyse conformal field theories in such
generality. One reason originates in an aspect of string theories which we regard as
unsatisfactory: their very formulation is usually based on choosing a specific model
of classical space-time. This is rather unsatisfactory, because one would hope that a
quantum theory of gravity can be formulated without reference to a classical space-
time concept and that it will in fact predict possible models of classical space-time,
rather than involve them in its formulation. Following this line of thought, one would
like to define the concept of a string vacuum independently of a classical model of
space-time and then derive constraints on the structure of space-time from properties
of string vacua. It is expected that string vacua can be constructed from N = 2
superconformal field theories of adequate central charge, and there is growing evidence
that one can associate classical space-times (e.g. Calabi-Yau manifolds) to them [27,
28]. We thus consider the model-independent formulation of conformal field theory
developed in this work as part of a program aiming at defining what is meant by
a string vacuum independently of any a priori ideas about classical space-time and
then reconstructing as much as possible of the structure of space-time from algebraic
invariants associated with a given string vacuum. In this regard, we expect that a
formulation of world-sheet supersymmetry in the framework of algebraic quantum
field theory will be of importance for further developments; see the remarks at the
end of Chap. II.
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Another one of our motivations comes from the theory of loop groups. Our
results show that methods of algebraic quantum field theory are useful to study
positive-energy representations of loop groups. In particular, we show how one can
introduce a notion of generalized tensor product of representations corresponding to
the composition of sectors in algebraic quantum field theory. Similar considerations
are also contained in interesting recent work of Wassermann [29].

Finally, as already advocated by Buchholz, Mack and Todorov, algebraic quantum
field theory might provide a useful framework for the classification of rational
conformal field theories [30]. In particular, we expect that their results concerning
the U(1)-current algebra can be extended to models based on general loop groups
(see Chap. III).

Besides the work of Wassermann and of Buchholz, Mack and Todorov mentioned
above, we attract the reader’s attention to the work of Buchholz and Schulz-Mirbach
[31], of Fredenhagen [32] and to a recent preprint by Guido and Longo which, among
other things, contains some very useful results on charge conjugation and Moebius
covariance [33]; (similar issues will be discussed in detail in Chap. IV!). However, as
far as we know, there hasn’t been, yet, a serious effort aimed at a general definition
of conformal and superconformal field theories in the algebraic framework and at
investigating detailed structural properties of such theories.

Next, we briefly summarize the contents of this paper. Chapter II is devoted to
the definition of conformal field theories in the algebraic context and to the study of
properties of the vacuum sector. We emphasize the point of view that a conformal
field theory can be defined by specifying a single von Neumann algebra and a unitary
representation of the Moebius group acting “properly” on this algebra (Definition
2.2). A complementary point of view is to specify a net of local algebras on a Hilbert
space and a vector cyclic and separating for each algebra. It is likely that these two
approaches are equivalent. The relation between them is explained in Conjecture 2.27.
In Chap. II we also investigate properties of the vacuum sector: the local algebras are
shown to be hyperfinite type III, factors (Theorem 2.13) if the infinitesimal generator
of rotations has certain trace-class properties (Lemma 2.12), and Haag duality is
proven to be generally valid (Theorem 2.19). A converse of a recent result of Borchers
concerning a relation between the representation of the Moebius group and Tomita-
Takesaki theory is then proven (Theorem 2.20). We complete our description of the
vacuum sector by identifying its local internal symmetries (Lemma 2.22) and by
explicitly constructing the antiunitary operators implementing the inversions in the
representation of the Moebius group (Theorem 2.26). Some of the technical proofs
are given in Appendix II, whereas Appendix I summarizes basic geometrical facts
about Moebius transformations and sets up the notation.

In Chap. III, we apply the general results of Chap. II to loop groups of the
A-D-E series. Some basic facts about the representation theory of loop groups and of
corresponding Kac-Moody algebras are summarized in Sect. III.1-IIL.7. In Sect. IIL.8,
the vacuum sectors are identified, and, in Sect. II1.9, we prove that the local algebras
satisfy all the properties of Chap. II in a vacuum representation (Theorem 3.2) and
are hyperfinite type III; factors in charged sectors (Theorem 3.3). The corresponding
result for vacuum representations of the Virasoro algebra is stated in Theorem 3.4.

Chapter IV contains an analysis of the superselection structure of conformal
field theories. After some definitions and basic properties (Sect. IV.1), we define

' As this work was already written, we received a preprint of Fredenhagen, Rehren and Schroer as
well as one by Wiesbrock on related matters; see ref. [77]
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a composition of representations in Sect. IV.2. We then analyse subnets associated
to the punctured circle and prove that they satisfy essential duality. In Sect. IV.4 we
recall the definition of braid statistics operators by now familiar in algebraic field
theory [22-25], and in Sect. IV.5, we extend classical results of Doplicher Haag and
Roberts [13, 14] to the present setting. When analysing representations which are not
locally irreducible (see Def. 4.22) we use a technical assumption which is given in
Eq. (4.19). This section closes with a conjecture concerning the statistical dimension
of a charged sector, Eq. (4.27), which has far reaching consequences. In Sect. IV.6,
we sketch some applications to the representation theory of loop groups.

It is worth mentioning that many interesting problems are left unsolved in this
work. Besides our conjecture on the statistical dimension of a sector and a careful
elaboration of results which are only sketched in Sect. IV.6, we expect that one can
construct charged fields (“vertex operators”) for chiral WZW-models along the lines
presented in [30].

II. Structure of the Vacuum Representation of a Conformal Field Theory
I1.1. Conformal Nets of Operator Algebras

Let .7 be a separable Hilbert space, .%(7) the set of bounded operators on .7,
74(F) its unitary group and m: PSU(1; 1) — %(F) a strongly continuous,
projective representation of the Moebius group. ?

Remark 2.1. A projective (unitary) representation 7 of PSU(1; 1) always defines a
projective (unitary) representation of SU(1; 1) such that +1 and —1 are mapped onto
the same element in %(7). We find it convenient to denote this representation by
the same symbol 7.

Definition 2.2. A representation 7 of the Moebius group on .7 acts properly on a
von Neumann algebra ./ (or equivalently, the von Neumann algebra .4 transforms
properly under the representation ), if

(i) the one-parameter subgroup of dilatations D(t) is an automorphism group of .Z:

(D) AT(DW) = 4 VteR,
(ii) the rotation through an angle 7 on S',
i 0

z— —z2=Ry-z, Ry:= (0 _

> e SU1; 1),

maps ./ into its commutant:
T(Ry)A7(Ry)* C A,

(iii) the one-parameter subgroups of translations, 7'(p) and of special conformal trans-
formations S(n) act as one-sided compressions of . Z:

(T (P)ATT@EN* C A4 Vp>0,
T(S() Ar(Sm)* C 4 Vn >0,

2 All group representations considered in this paper are tacitly assumed to be strongly continuous
and have values in %4(7), from now on
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(cf. Appendix I for the notation).

Our first goal is to show that a von Neumann algebra .4 which transforms properly
under the Moebius group determines a local, isotone net of von Neumann algebras
which transforms covariantly under the Moebius group.

Definition 2.3. Let {.Z(1)};- g be a collection of von Neumann algebras acting

on the Hilbert space .7, indexed by open, non-dense intervals of the circle.? The

collection {Jg(.[ )} 1cs is called a local, isotone, Moebius covariant net of von

Neumann algebras (shortly, a conformal net) if it satisfies the following properties:
() I, €I, = .#(,) C .41, (isotony);

(i) I, C I} = .4, C .#(,) (locality); here I’ := S\ T;

(iii) there exists a projective representation 7 of the Moebius group on .7 such that

(A ADr(A* = #4A-1), VAe PSU(1; 1), I c S,

where A - I denotes the image of the open non-dense interval I under the action
of A.

Lemma 2.4. (i) If ./Z is a von Neumann algebra transforming properly under a
projective representation T of the Moebius group on 7, then there exists a conformal
net { A} g1 such that 4% = #(S,), where S, :={z € S' | Imz > 0}.
(i) If { A} ;g is a conformal net of von Neumann algebras acting on a Hilbert
space .F, then .7 := .%(S.) transforms properly under the Moebius group.

Proof. For the proof it will be convenient to use the non-compact picture of S'
obtained by performing a stereographic projection which maps —1 € S! onto oo (see
Appendix I for details). Under this map, SU(1; 1) is mapped onto SL(2; R) and the
action of SU(1; 1) on S! corresponds to the action of SL(2; R) as fractional linear
transformations on R.

Ad (i). If 7 transforms properly under SU(1; 1), we define

A8y = A, (2.1
) = m(A).AT(A), (2.2)

where A € SU(1; 1) is a group element which maps S _onto I : A-S, =1 We
first have to show that .Z([) is well defined. Let A;, A, be two elements of SU(1; 1)
which satisfy A, - S, = 1,7 =1, 2. Then Ay := A]' A, maps S, onto S, and the
endpoint set {+1; —1} of S, onto itself. There are two possibilities:

(a) A;(+1) = +1 and A;(—1) = —1. It is then easy to check that A; = +D(¢), for
some t. '

(b) A;(+1) = —1 and As(—1) = +1. It follows that A, =+ (Z 0,> D(t) for
some ¢, so that Ay maps S, onto S_. 0 —

Therefore only case (a) can occur. By assumption, 7(+D(¢)) is an automorphism of
.(S,) so that the right-hand side of Eq. (2.2) is independent of the choice of A.
To prove locality, it is sufficient to check that .Z(S_) C .4(S,)". But
AUS_) = m(R)AS)IT(RY* C A = 48S,)

by assumption.

3 Throughout this work, the intervals I C S' considered are always non-dense and open
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To prove isotony, it is sufficient to check that .Z(I) C #4(S,) for I C S, . This is
clearly the case if I = T'(a)- S, or I = S(a)-S,, for a positive a. Let I correspond
to the interval (cy; ¢;) € R_, ¢, ¢; € R, in the real picture. Then

s 1\ coc o
HOLCEIRS

1
Hence, I = S —)T(El—> +5,,0 < ¢y < ¢ < oo and by assumption,
¢ c;— 6

() C A(S,). Covariance of the net is obvious.

Ad (ii). In the real picture, R, is the image of S, . Since

D¢y R, =R,, VteR,
T(a)'R+=(a; ) CR,, a>0,

- 1

S(a)-R_ = (O; a) CR,, a>0,

(1) and (iii) of Definition 2.2 follow by covariance of the net and isotony.
Finally, by covariance and locality,

T(R)AS Im(Re)* = ARy - S,) = AS_) C A,
so that (ii) of Definition 2.2. holds. This completes the proof of the lemma.

We now restrict our attention to an algebra .Z and a representation 7, of the
Moebius group associated with “the vacuum sector” of a conformal field theory. That
is, we assume the existence of a unique “vacuum vector” invariant under the action
of PSU(1; 1).

Definition 2.5. Let . be a separable Hilbert space, 7, a unitary representation of
the Moebius group on .7 which acts properly on a von Neumann algebra .4. We
denote by {.#(I)};~g: the conformal net constructed in Lemma 2.3. Let us assume
that

(i) the spectrum of the generator of rotations of PSU(1; 1) is positive (positive-
energy representation).

(ii) There exists a unique vector {2 € F invariant under PSU(1; 1), (vacuum
vector).
(iii) §2 is cyclic for the von Neumann algebra 2 := { U 4 )}” generated by
the net {4(I)};cg1- Ics!

If properties (i)—(iii) are satisfied, we say that {F; my; .%; 2} determines the
vacuum sector of a conformal field theory, or, equivalently, the vacuum representation
of the conformal net {_Z(I)};-g1.

In a positive-energy representation, the generators of translations and of special
conformal transformations have the following spectral properties.

Lemma 2.6. The spectrum of the generator of translations is always positive in a
positive-energy representation m, of PSU(1; 1). The spectrum of the generator of
special conformal transformations is negative.

Proof. A unitary representation 7, of PSU(1; 1) lifts to a unitary representation
my of SU(1; 1) such that my(—1) = m,(). The positive-energy condition means
that the spectrum of the generator of rotations R(t) is positive (cf. Appendix I for
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the notation). The only irreducible unitary representations of SL(2; R) = SU(1; 1)
which fulfill these two conditions are members of the holomorphic discrete series
[40]: m}, n € 2-7Z,. Hence 7, is a direct sum of irreducible representations
of the holomorphic discrete series. One checks easily, in the realization of these
representations by operators acting on holomorphic functions on the upper half plane
[41], that the spectrum of the generator of translations is positive. Similar arguments
may be found in [42].

Since the one-parameter subgroups of translations and of special conformal
transformations are conjugate in SL(2; R), Ry\T(p)Ry ' = S§(—p), it follows that
the spectrum of the generator of special conformal transformations is negative. This
completes the proof of the lemma.

We now derive some standard properties of the local algebras in the vacuum
sector. Most of our arguments are adaptations of well-known results to the present
setting. The proof of Haag duality given in Sect. I1.2 is an application of a recent
theorem of Borchers [34]. The following theorem is obtained by applying twice the
Reeh-Schlieder theorem.

Theorem 2.7. Let {7 ny; 4; 2} be the vacuum sector of a conformal field theory.
Then L
A0 = 40,

where the symbol — means closure in the Hilbert space norm, and 2 has been defined
in Definition 2.5, (iii).

Corollary 2.8. (Reeh-Schlieder) The vacuum vector §2 is cyclic and separating for
each local algebra #(I), I C S'.

Proof of Corollary 2.8. Since the net {_#Z(I)}; g is Moebius-covariant and {2 is
invariant under Moebius transformations, it follows at once from Theorem 2.7 that {2
is cyclic for any local algebra .4(I). The separating property is now a consequence
of locality. This completes the proof of the corollary.

Proof of Theorem 2.7. Given an interval I C S! define

A :={ U wO(R(t)MI)wO(R(t))*}”.

teR/2Z

If [(I) is the length of the interval I, normalized in such a way that I(S 1y = 27, then
the von Neumann algebras .%(I) have the following properties:

@) ) = I(J) implies B(I) = FB(J).

(i) () < I(J) implies B(I) C .B(J).
(iii) If {,},—, . is an increasing sequence of intervals such that I(I,) — 27

(n — o0) then
m:(Uﬁ@».

(iv) The one-parameter group of rotations 7,(R(t)) induces automorphisms of Z([)
satisfying the spectrum condition. By applying the Reeh-Schlieder theorem, as given
in [35], we obtain that

B2 C AT,

where J is any interval on S' such that I(J) > I(]).
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Next, we consider intervals on the circle of the type I = (a; —1), a € S\{-1}
(see Appendix I for the notation, or the next figure),

and define

"
g::{ U Jz(f)}.
I=(a; —1)
acS\{-1}

The von Neumann algebra & has the following properties:

(v) The translations define a one-parameter automorphism group of % satisfying
the spectrum condition.

i) If {J,, = (a,; =1), a, € S"\{—1}},_, , . is an increasing sequence of
intervals such that I(J,)) — 27 (n — o0) then .%(J,,) C .4(J, ) and

"
- (U%(Jn)) .
n
(vii) Applying once again the Reeh-Schlieder theorem [35] we see that

70 C ASHN, with AS,)= 4.

Let {I,},_; ,, . be an increasing sequence of intervals as in (iii). Then
A0 = (U%’(In)> o,
where ~—° means strong closure. But
(U%’(In)> o= (U%’(In))!?

= Jz1,)2)

clJrzayeclA4u)0.
n n
Here we applied the Reeh-Schlieder theorem as formulated in (iv) and we chose J,,

such that J,, = (a,,; —1), I(J,) > I(I,,), i.e., the sequence of intervals {J, },_; 5
satisfies the properties of (vi). Hence,

U202 = Joa,)2 = ( U,/g(Jn)) Q

= 70N C AS)N,
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where we applied again the Reeh-Schlieder theorem, as given in (vii). We have shown
that
AN C A4S )HN.

Since the converse inclusion is obvious, this concludes the proof of the theorem.

The Reeh-Schlieder property means that each local algebra ..Z(I), I C S! is in
standard form [36]. We can then define the Tomita operators [36] S;, VI C S 1 as
the closure of

S AR = A, Aec #A1I).

The modular conjugation J; and the modular operator A}/ 2 are obtained by polar
decomposition of S},

S, =J, - A2
They have the property [36] that
Jr A = 21) (2.3)
AY ADATY = #4I), VICS', teR. (2.4)

We will show, later on, that these operators always implement geometric transforma-
tions [37] in the present situation.

We may now use well-known arguments of Driessler [43] to show that the local
algebras of the vacuum sector of a conformal field theory are factors of type III; [44].

Lemma 2.9. In the vacuum sector of a conformal field theory, the local algebras
AT, I C S, are factors of type IlI,.

Proof. 1t is sufficient to show that .2 = _#(S,) is a factor of type III,. In the
real picture, S, is mapped onto R, . Since T(@)R + € R, Va > 0, it follows that
R, is monotone in the sense of [43]. Let P, be the orthogonal projection onto the
vacuum vector {2. It follows from the spectral properties of the translation operator in
a positive-energy representation 7, of PSU(1; 1) that 7,(1(a)) converges weakly to
P, as a — oo [45]. The proof of the lemma is now completed by applying Theorem
2.2. of [43].

Definition 2.10. Let I,, I, be two intervals on the circle; we write I, € I, if the
closure of I; is contained in the open interval I,.

Definition 2.11. The split property is said to hold for a conformal net if, given two
intervals I;, I, such that I|, € I,, there exists a type I_ factor .# such that

A C M C AL).

The split property for a vacuum conformal net follows from a result of Buchholz,
D’Antoni and Fredenhagen [46]. We formulate this result under assumptions which
are typical of conformal field theories constructed from the representation theory of
loop groups (see [47], Remark 13.13).

Lemma 2.12. Let {F#; my; A4; £2} be the vacuum sector of a conformal field theory
and K the generator of the one-parameter group of rotations on S'. If for 3 > O the
operator e~ PX is trace-class and there exist positive constants By, m such that

le=P5, < e®/P" B>0,8-0 2.5)
holds then the split property holds for the net {.#(I)} 1 of Definition 2.5.
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Proof. The results of [46] are formulated in terms of a local net on Minkowski

space-time. However, the proof given there does not use any properties specific

to this particular situation. We reformulate the theorem of Buchholz, D’Antoni and

Fredenhagen under prerequisites which are sufficiently general for our purposes:
@ Let 4, C %, C 4, C %, be a sequence of inclusions of von Neumann

algebras.

(ii) Let U(t) be a one-parameter group of unitaries such that for [¢| < &,

UbAU®R* C Ay, i=1,2,3.

(iii) Assume that the generator K of U(t) = e'X* has positive spectrum including
the eigenvalue zero with multiplicity one, and let {2 be the unique (up to a phase)
corresponding unit eigenvector; {2 is supposed to be cyclic and separating for .%;,
i=1,2,3, 4

(iv) Assume that the maps 605 : Ay, — F, i=1,2,3,4, >0 defined by

05(A4) :=ePKAR, Aec #;,i=12734

are nuclear and that the estimate (2.5) holds, as 3 tends to zero, for the trace norm
of 0 (see [46]). Then there exists a type I, factor A such that 4, C 4 C A4,

The proof follows word for word the one given in [46] with the identification
Ay = ), Ay — AGy), Ay — M), Ay — A

Under the assumptions of the lemma, e P is trace class so that the maps 5
are nuclear for any local algebra _Z(I), I C S'. Given I, € I, there exist I, I,
such that I, € I, € I; € I,. Setting .4, :== #(1,), i = 1, 2, 3, 4, and applying the
previous argument completes the proof of the lemma.

An immediate consequence [50] of Lemma 2.12 is that the local algebras in the
vacuum sector of a conformal field theory are hyperfinite (i.e. are the weak limit of
matrix algebras), since .4(I), I C S', can be continuously approximated from the
inside (or the outside) by local algebras [31]. We summarize the previous discussion
in the following theorem.

Theorem 2.13. Under the assumptions introduced in Definition 2.5 and in Lemma
2.12, each local algebra #(I), I C S' in the vacuum sector of a conformal field
theory is isomorphic to the unique hyperfinite factor of type Il ;.

Remark 2.14. 1t follows from Theorem 2.13 that the whole information about a
conformal quantum field theory is encoded in the map

I — A1) (2.6)

assigning to each interval a hyperfinite type /11, factor in #. As observed in Lemma
2.4, the map (2.6) is fully determined by the representation , of the Moebius group on
the vacuum sector and the algebra .4 = _#(S5, ). We shall also prove, in Theorem 2.19,
that the net I — _#(I) and the vacuum state {2 already determine the representation
m, of the Moebius group (provided m, exists).

4 The following conditions are certainly not optimal. For recent developments, see [48, 49]
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11.2 Moebius Covariance and Tomita-Takesaki Modular Operators; Haag Duality

We start this section with a definition of Haag duality.

Definition 2.15. In the vacuum sector of a conformal field theory, the net {. A(1)} ;-
is said to satisfy Haag duality (to be dual), if for any open, non-dense interval I C S,

A = AT
holds, where I’ := (S'\I)? is the interior of the complement of I in S'.

Haag duality was checked by different methods in several models [51-53]. It is a
crucial property for the applicability of the algebraic framework to the analysis of the
superselection structure of quantum field theories [13]. It is then natural to investigate
under which general assumptions models give rise to local algebras satisfying Haag
duality. J. Bisognano and E. Wichmann showed [37] that Wightman quantum field
theories lead to (essentially) dual nets, provided that the underlying quantum fields
satisfy some regularity conditions (see also [54] for a general formulation of the
Bisognano-Wichmann theorem). Recently, D. Buchholz and H. Schulz-Mirbach [31]
adapted the arguments of J. Bisognano and E. Wichmann to prove Haag duality for
conformal field theories. We shall give a proof of duality for the net {_2()};
in the vacuum sector of a conformal field theory which does not make reference to
the underlying (Wightman) quantum fields. This result will then be applied to the
construction of models, starting from the representation theory of loop groups.

Let SU(1; 1), be the extension of SU(1; 1) by matrices having determinant —1
and PSU(1; 1), the corresponding group of geometric transformations of the circle
(see Appendix I). We denote by Z(#)_ the set of antilinear unitary operators in #
and by Z(7#).. the group of unitary and antiunitary operators on .7Z. Following the
terminology introduced by Wigner [55], we define a corepresentation as follows.

Definition 2.16. Let G be a group. A homomorphism
G- UH),

into the group of (anti-) unitary operators of a Hilbert space # is, called a
corepresentation of G.

Remark 2.17. (i) Clearly, a group G admits non-trivial corepresentations 7 only if it
has a normal subgroup G, of order two such that #(G,) C %(%#). We will denote
by 7 the restriction of 7 to G,

(ii) We are interested in strongly continuous corepresentations of SU(1; 1), which
map matrices of determinant +1, —1 into (%), %(H#)_, respectively.

(iii) Let % be a corepresentation of SU(1; 1);. Then 7 := 7|gy;.) is a unitary

representation of SU(1; 1), and Jg . :=#(Ig,) is a conjugation (j§+ = 1) satisfying
Jg, m(A)Jg, =n(A), VA€ SUU; ). (2.7

Conversely, since SU(1; 1), is the semi-direct product of SU(1; 1) and {1; I S+}

by the outer automorphism ¢ of SU(1; 1) which maps A € SU(1; 1) onto A (see
Appendix I), given a representation m of SU(1; 1) and an antiunitary conjugation
Jg " such that Eq. (2.7) holds, we can construct a corepresentation 7 of SU(1; 1),
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Definition 2.18. Let 7 be a corepresentation of PSU(1; 1), on the Hilbert space 7.
A local net {Z(I)};-gi is said to transform covariantly, under improper Moebius
transformations if

FAADRAY = 4A-T), YAePSU(; 1), ICS',
where A - I denotes the image of I under the action of A.

Theorem 2.19. Let {7#; o3 s 2} be the vacuum sector of a conformal field theory.
() The modular conjugation Jg,_ of % = #(S,) with respect to §2 satisfies the
following commutation relations with SU(1; 1):

Jg, mo(A)Jg, = mo(A), VA€ SUQ; 1);
consequently, m, extends to a corepresentation 7, of SU(1; 1), on .
(i) The net {4(I)} ;g1 is dual and transforms covariantly under the corepresenta-

tion 7ty of the improper Moebius transformations.
(iii) The representation m, of the Moebius group is uniquely determined by the net

I — A1)

and the vacuum vector §2. It is the unique representation of SU(1; 1) on F for which
the generator of translations has positive spectrum, which has {2 as an invariant vector
and under which the net transforms covariantly.
(iv) The one-parameter group of dilatations of SU(1; 1) coincides with the modular
group of the algebra A4(S.):

mo(D(t)) = Agt+ .

Proof. Ad (i). Since any element of SU(1; 1) can be written as a product of
dilatations, translations and special conformal transformations (see Appendix I), it
is sufficient to check that Jg  has the right commutation relations with these three
one-parameter subgroups. That is, the equations

Js, m(T @), = m(T(—p)),
Jg,mo(S(M)Jg, = my(T(—n)),
Js, (D) Jg, = m(D(t)),

hold. By Lemma 2.6 the generator of the one-parameter group V(p) := my(T'(p)) has
positive spectrum and the generator of W (n) := m,(S(n)) has negative spectrum. By
assumption, V(p), p > 0, and W(n), n > 0, act as one-sided compressions of the
algebra 2 = _#4(S,) (see Def. 2.2). Hence, we may apply Theorem I1.9 of Borchers
[34] to obtain

Jg, m(T@NJs, = 7o(T(—p))
A%, m(TENAGY = mo(T(e™"p))
= m(DOT (@)D, (2.8)
and
Js, m(Sm) g, = my(T(—n)),
A%, (SN AG! = mo(S(e™ ™ n))
= mo(D®)SM)D(t) ). (2.9)
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Since my(D(s)) is a one-parameter group of automorphisms of . leaving the vacuum
vector {2 invariant, it follows from a well-known result of Takesaki [36] that 7, (D(s))
commutes with Jg, and AY, :

Jg, m(D(s) g, = m(D(s)),
AL m(D(s) AP = m(D(s)). (2.10)
This completes the proof of (i).

Ad (ii). We first prove duality. It is sufficient to prove the #(S_) = #4(S.)
since by SU(1 ; 1)-covariance of the net, this implies .. 4(I)’ = .4(I") for an arbitrary
interval I C S!. From locality, we know that

AS_) C S,
so that it is sufficient to check the converse inclusion. The rotation R, = R(1/2) =

: 0 )
(é —z') € SU(1; 1) maps S, onto S_ and satisfies Ry = RO“I. Hence,

S _) = my(Ro) A8, )mo(Ry)*
= my(Ro)AS )mo(By ),
by covariance of the net under SU(1; 1). Thus,

Jg, AS g, = Jg, m(Rp) A4S, )me(Ry ) g,
= my(Ro)Jg, A5, )Jg, mo(Rg)
= mo(Ry A4S ) mo(Ry)
= (mo(Ry ) AS )mo(Ry))
=4S,

where we used successively the commutation relations shown in (i), property (2.3) of
the modular conjugation and the covariance of the net under SU(1; 1). Conjugating
on both sides by Jg,_ we obtain

AS_) = Jg, AS_Y g, . @.11)
By locality, . Z(S,) € .#(S_)" so that
A8 = Jg, A8 )Jg, C JS+J6(S_)'JS+ = _#S_).

The first equality follows again by Tomita-Takesaki theory and the second from Eq.
(2.11). This proves duality.

To prove SU(1; 1), covariance of the net, it is sufficient to check that the net
transforms covariantly under Jg , since SU(1; 1), is the semi-direct product of

SU(1; 1) and {1, IS+}. Let I C S! be an interval and A € SU(1; 1) be such that
A-S + = I. Then by SU(1; 1)-covariance of the net, (i) and duality,

Jg, AD g, = Jg, To(A)AS Im(A™ ) g,
= mo(A)Jg, A8 )T g, m(A7)
= mo(A)AS_ymg(A™h)
= #A-S).
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ButA-S_ =A-Ig -S, =A-Ig -A™"-I, and one checks by direct computation
that A - I, AT = I, , VA € SU(1; 1). Hence,
This completes the proof of (ii).

Ad (iii). Let (a; B),(y; 6) € S'and A € SU(1; 1) be such that A-(a; 8) = (7; )
(see Appendix I for the notation). If {J,. 5); A(l é?ﬁ)} is the modular data associated

to {4((a; B)); 2} (see Egs. (2.3), (2.4)), then it follows easily from SU(1; 1)-
covariance of the net and SU(1; 1)-invariance of the vacuum vector that

o) Jia; gy To(A* = Jiyis 5
T (DAL oA = ALY 2.12)
In particular,
foUias 3)) = 0N )5, To(Na; 3"
= Yp
Notice also that, by duality,
Japy = Jig > A(Io/z;zﬂ) = A(;?I{IZ) ’
so that by functional calculus,
A5 =A% (2.13)

Since SU(1; 1) is generated by products of reflections and #y(/ 4. 5)) = Ji4. gy it
follows that the representation m, of SU(1; 1) is entirely determined by the modular
structure of the net, that is, by the vacuum state and the net. Uniqueness follows from
the uniqueness of the modular conjugations with respect to 2. This completes the
proof of (iii).

Ad (iv). It follows from (2.8), (2.9) and (2.10) that
A%, m(AAG! = m(DHAD®™"), VA€ SUU; ).
Since the equation
A5, s, A5y = s,
may be written as
A?JATO(ISJ,)AEit = 7Aro(-’s,L),
it follows that
A% Ry (AAGT = #(DAD®)™"), VAeSU; 1),
In particular,
Afs'tJr J(—i; i)AEit = Ai;+ﬁ0(1(—i; i))AEit
= fy(DW_s, ) DB )
= Tollipey—ix Dtyy) (2.14)
holds.
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We temporarily assume that we have proven the following relation:
JeunQ%, = A58 T iy (2.15)
Equation (2.15) implies that
A ( . Z)A—zt A21t J( 59
and, plugging this in Eq. (2.14), we obtain
g
Asli = J(D(t)(—i): D(t)(i))J(—i; i) = 7T’O(D(Zt))’

where the last equality follows from the representation of dilatations as products of
reflections (see Appendix I, Eq. (AlL6)). This completes the proof of (iv) provided
Eq. (2.15) can be verified.

It follows from Eq. (2.12) and functional calculus that if A € SU(1; 1) and
I=A-S, CS'then

To(A)AY 7TO(A) At vteR. (2.16)
g=im/4
Now, let A := R(-1/4) = 0 oi /4). One checks by direct computation
that A- S, = (—i; %) and that
I iy AN =AT . (2.17)
From Eq. (2.16) it follows that
To(A)AY, m(A)* = A% 5 = AT, (2.18)
and hence
JinAS, = JyyToA™HAL o(4)
=MoLy A )A( v yTo(A)
= f(AI_, 1))A( i 1yTo(A)
= fro(A)J_,. 1)A?t iiyTo(A)
= ’/TO(A)A( Ziiy s yTo(A)
= mo(AD AL 7oA iy » (2.19)
where we used Eqgs. (2.17) and (2.18) twice.
Bt To(AAL .y mo(A™) = A% iy
= A( 151
=AgLy),

where we used Eq. (2.13) to obtain the last equality. Inserting the last equation in
(2.19) we obtain
2t —it
'](—i; i)AS+ = Asi J(—z';i)a

and this completes the proof of the theorem.

The result obtained in the previous theorem can be summarized by saying that if
the spectrum of the generator of translations of the representation 7, is positive then
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the one-parameter group of dilatations m,(D(t)) coincides with the modular group of
the algebra .Z = _#(S, ) with respect to §2. Another simple application of the results
of Borchers [34] shows that the converse is also true:

Theorem 2.20. Let {F; my; #%; 2} satisfy all properties of Definition 2.5, except
for the spectrum condition and let { 4(I)} ;- g1 be the corresponding conformal net.
If the one-parameter subgroup of dilatations coincides with the modular group of the
algebra 4(S, ) with respect to the vacuum state then the generator of translations has
positive spectrum.

Proof. Let V(p) := my(T'(p)) denote the one-parameter group of translations on . 7.
Since by assumption Ag+ = my(D(t)), the following commutation relation holds

between A¥, and V(p):
A V() AG! = m(DO)mo(T@)mo(D(E) ™)
=71(T(e™*"'p)), Vt,peER. (2.20)

Let now p be positive and fixed. Since ad V(p) maps .#4(S5,) into .4(S, ), Lemma
I1.3 of ref. [34] implies that the function

t— A V(A
has an analytic extension to the strip S(—1/2; 0) ={z € C| —1/2 <Imz < 0} as
an operator-valued function and that furthermore, on S(—1/2, 0), the bound
145, VA7) < 1
holds uniformly in z. From Eq. (2.20) we conclude that the function
t— V(e p)

has an analytic extension to complex t’s contained in the strip S(—1/2; 0) and the
bound

[V(e™>p)|| < 1

holds for all z € S(—1/2; 0). Going over to the variable y := e~2"* . p we see that
the domain S(—1/2; 0) is transformed into

C*" = {w € C|Imw > 0}

so that, as a function of y,
y— V()

has an analytic extension into the upper half-plane C*, and on C¥ it satisfies the
bound ||[V(w)|| < 1.

Let
+00o

V() = / €™ dE(p)

—00
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be the spectral decomposition of V (y). Assume that E(p,) # 0 for some p, < 0. Then
there exists a vector 1) € # such that E(py)y) = ¢ and |[¢]| = 1. If w = y + iz,
x > 0 we can estimate the norm of V(w)y as follows:

Po
V@l = / e 2Pd| Byl
Po
> [ apelp > e,

If x — oo the right-hand side of this inequality can be made arbitrarily large,
contradicting the bound ||V (w)|| < 1. Hence E(p) = 0, Vp < 0, that is, the spectrum
of the generator of translations is contained in {0} UR*. This completes the proof of
the theorem.

11.3. Local Internal Symmetries of Vacuum Sectors

In this section, we complete our description of the relation between the modular
structure of the local algebras in the vacuum sector of a conformal field theory and
the representation 7, of the Moebius group by constructing the modular conjugation
Jg, from the representation m, of SU(1; 1) and by identifying the group of local
internal symmetries of the net. The proofs of the following results, which are of a
technical nature, are relegated to Appendix II.

Definition 2.21. Let {7; 7y, .%; £2} be the vacuum sector of a conformal field
theory.
(1) The group & C %/(#) of unitaries such that

UA4DHU* = #«1I), YIcS', U=,

is called the group of local internal symmetries of the vacuum sector.’
(ii) Let 7, be the corepresentation of SU(1; 1), constructed in Theorem 2.19. We
set

G = {U € AH)|\Ury(A) = 7(A)U , YA € SU(1; 1),; and URQ = 2} . (2.21)
Lemma 2.22. Let {7 my; #; §2} be the vacuum sector of a conformal field theory.
Then & C .

Proof. See Appendix II.

Definition 2.23. Let {%; my; .%; 2}, be the vacuum sector of a conformal field
theory. For U € & we define

AU = {A e ADIUAU* € 4D}, VIcCS'.
The net {72V (I)}, g is a local conformal net contained in {_Z(I)} ;. g1.

The following criteria identifies elements of & in <.

3 This group was introduced in ref. [56], see also [37]
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Lemma 2.24. Let {F#%; ny; 4, (2} be the vacuum sector of a conformal field theory.
Then U € ¥ if and only if U € & and the vacuum vector (2 is cyclic for the von
Neumann algebra B := {U;- 1.4V (1)} generated by the net { 4Y ()} g1.
Proof. See Appendix IL.

Definition 2.25. Let {%; n}; #;; £2,},i = a, b, be two vacuum sectors of con-
formal field theories. These two sectors are said to be equivalent if there exists an
invertible isometry V : %, — .7, such that

Vrg() =3V,
VR, =92,
Vo V* = 4,.

Definition 2.26. Let 7%,, %, be two Hilbert spaces, e = {e,, ... e,, n = dim.%, }
an orthonormal basis in %, and A an antilinear operator in #,. Each vector
p € H, ® F#, can be written uniquely as

dim.%l
p= Z ey, ¢ €.

i=1

(i) The conjugation J(e) associated to the basis e on ¥, is the unique antilinear

extension of
Jee, =¢;, i=1,...dim%, .

(ii) A linear operator B € B(%,) is said to be real with respect to the basis e of
H, if
J(e)BJ(e)=B.
(iii) The antilinear extension of A with respect to e on 74, ®.7%, is the unique antilinear
map A(e) defined by
dim ,%1 dim%l
Ae)p := Z e®Ap;, = Z e; ® ;.
i=1 i=1

Lemma 2.27. Let (m; F,) be an irreducible representation of SU(1; 1) belonging
to the holomorphic discrete series. Then m extends uniquely to an irreducible corepre-
sentation of SU(1; 1),.. That is, there exists on ¥, a (up to a phase factor) unique
conjugation J,_ such that

=1, J.n(A)J, =n(d), YAeSU(I; 1) (2.22)
holds.
Proof. See Appendix II.

Theorem 2.28. (Structure of the vacuum sector of a conformal field theory.) Let
{F#; my, A; 12} be the vacuum sector of a conformal field theory. Then {J#; ny; 4;
2} is equivalent to a vacuum sector {F#';n}; A4'; 2"} having the following proper-
ties:

() H =Hy o é(% ® F,i), where FHp = {C'}, dim %, = 1.
i=1



Operator Algebras and Conformal Field Theory 589

(i) =107 ®lL,@m*® - @1 @7, where the ©*’s are disjoint, multiplicity-
free direct sums of holomorphic discrete series representations S of SU1; 1) on .
=@ "%, and each ©® is irreducible.

«
(iii) The modular conjugation Jg, of #'(S,) = .7 is given by

J, = #ig,) = JuEe) @ S @ © J o), (2.23)
where €' = {el; ei;...et} are orthonormal bases of #,, i = 1,2,...00, and

Joo = 0 T a. The conjugations J.i o are those constructed in Lemma 2.27.
[e3

(iv) If an operator U € 74(7') is a local internal symmetry of the vacuum sector
{7 mfy, A'; §2'}, then

oo

i=]

with each U, unitary in 7%, and real with respect to the orthonormal basis €' of 7,
1 =1,...00.

Proof. See Appendix II.

In view of the previous results, we are led to believe that under appropriate
assumptions, some version of the following conjecture is true.

Conjecture 2.29.

(i) Given a local, isotone and dual net I — .Z(I) of hyperfinite type 111, factors in
J( ) indexed by intervals of the circle and a vector {2 cyclic and separating for each
.Z(I), I C S', one can construct, for each interval I, the modular group A and the
modular conjugation J; of the algebra ../4(I). These correspond to the one-parameter
groups of Moebius transformations leaving the end points of the interval I fixed and
to the inversion about the end points of I (see Theorem 2.19). It should be possible
to verify that these one-parameter groups and inversions form a representation of
SU(1; 1), under which the net transforms covariantly. To simplify the task, one
could assume the existence of the one-parameter group of rotations satisfying the
spectrum condition.

(i) Given the vacuum sector of a conformal field theory {7 m,; .#; {2}, one
expects an algebraic version of the Liischer-Mack theorem [1] to be true. Formally,
it is possible to define an energy-momentum tensor T'(z) as an h = 2 coefficient of
the expansion

a,(A) = (2; AL+ Y t7"W(@) (t — o),

h€Z+
dP(2) x T(2),

where A is a suitable local observable and a,(A) := ad m,(K(t))(A) for the one-
parameter group K(t) of PSU(1; 1) which contracts intervals to the point z € S!
(for example, K(t) = D(t) for z = 1). The Fourier coefficients of 7'(z) should then
satisfy the commutation relations of the Virasoro algebra.

(iii) Another possible way of deriving the Liischer-Mack theorem is to assume the
theory to be supersymmetric in the following sense. Let 7% be a separable Hilbert
space, 7, a unitary representation of the Moebius group on # leaving a vector {2

6 possibly trivial
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invariant, and .Z a von Neumann algebra transforming properly under 7,. We use the
standard notation, L_,, Ly = K, L, for the infinitesimal generators of the Moebius
group. We now assume the existence of an operator G, on .# such that

C
G%:LO—EZJI],,, Gong,

and of a unitary involution I" such that

I'A=Ar, vAe.#, I'?=412,
Iréy=-G,r", ro,=L1r, i=0,-1,1.

This implies that .7 is the direct sum of the eigenspaces of I,

H=H,OH_, Tly =1, Ty =-1],

and that
A CTH,
By defining inductively
G, :=2[L,, G,l, G_,=2[L_y, Gyl,
L= %[Gl, Q. L= %[G~1,G_1]+,...,
G, = %[Ln, Gol, G, =2[L_,, G,

1
L, = E[G"’ Gy, L= G_,.,G_|l,, neZ,,

where [+, -], denotes the anticommutator, we expect to obtain from L_,, L,, L, and
G, a Ramond algebra specified by the commutation relations

C
L,,, L,]=(m—-n)L,,,, + Em(mz - 1]6m+n,0 )
1
[Lma Gn] = <§m - n) G"H—n’
C
[Gm’ Gn]+ = 2Lrn+n + §(m2 - 1/4)6m+n,0’

having the correct grading

rL,=IL,r, iecZ, I'G,=-GTI, icT.
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III. The Conformal Nets Associated to Positive-Energy Representations
of Loop Groups

As an application of the results presented in Chap. II, we construct conformal nets
in positive-energy representations of certain loop groups. Some of these nets will be
shown to be néts in the vacuum sector of a conformal field theory in the sense of
Chap. II. The analysis of their superselection structure will be sketched in the next
chapter. Algebraic quantum field theories of this kind were already considered by
Buchholz, Mack and Todorov [30] for the loop group LT of the one-dimensional
torus 7', in order to classify quantum field theories having the U(1)-current algebra
as a common germ. Indeed, some of the main ingredients of our construction were
already mentioned in [30]. Results similar to those presented here have also been
announced by Wassermann [29].

In the following sections, we gather all the necessary ingredients scattered through
the literature.

I1.1. Simple, Simply Laced Lie Algebras and Groups

Let G, be a simple, simply connected and simply laced compact Lie group. The Lie
algebra, &, of G, belongs to the A, D or E series. Let & be the complexification of
% Fix a Cartan subalgebra h C " and let A denote the roots of h on ¥°. We then
have the direct sum decomposition

7=hP %,

acA

where %, denote the one-dimensional root spaces. Choose a set of positive roots,
A,,in A, let 7 = {a),... a;, | = dimb} be the set of simple roots and let # be
the highest root in A, . Choose a non-degenerate, invariant symmetric bilinear form
(-|") on &, normalized as follows: the restriction of (:|-) to §j is non-degenerate, hence
induces an isomorphism v : h — b* and a non-degenerate bilinear form (-|-) on h*.
We require that

©10) =2.

Then (a|a) = 2, for any root « in A, since all roots of a simply laced Lie algebra
are long. Given a root o, let h,, := v~!() € h be the corresponding coroot. We have
that

where the integers a, are positive and are given in Table I below. The number

!
g:= 143 a, is the dual Coxeter number of & .
i=1

Let A, € b*, i =1,... [, be the fundamental weights of ¥ defined by Ai(ha]) =

!
bij»3=1,... 1. Define g := 3 A,.

i=1
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Table L a; g
11 11
Ayt o—0—---—0—0 £+1
S
Dy : .- 2f-2
t 12 2 1 t
2
Ee: o—c——i—o—o 12
123 21
2
Eq: DD I, 18
2 34 321
3

Eo: o—o—o—o—i—-o—o 30
8 2345642

If we pick a Chevalley basis {e,}4ca U {hg,, @ = 1,...1} of & then the real span
of
{iha; €a " €_q> i(ea + e—-a)}aeA

is a compact real form &, of & which is isomorphic to &. We will identify & with
&, in the following. Let 7 be the conjugation of ¥ defined by the compact real form
%, and set z* := —7(z) for z € &. Then

G ={z e Flz* = —a}.

Furthermore, (z|y*) is a positive Hermitian form on <. Later on, we will need a pair
of dual bases of 7, i.e., two bases {u;} and {u’} of ¥ such that (u;[u?) = §,;.

I1.2. The Affine Lie Algebra & Associated with &

Let C[t; t~!] be the algebra of Laurent polynomials in ¢. The residue of a Laurent
polynomial f = Y ¢, t* (where all but a finite number of ¢, are zero) is defined by

kEZ
Res f = c_,. Res is a linear functional on C[¢; ¢~!] characterized by the properties
d
Rest™ ' =1, Res—f =0.
dt
If we define

G = & ®¢ Clt; 71,

then & is a Lie algebra under the obvious bracket operation. & can be viewed as a
subalgebra of the rational maps from C* to . The evaluation of x € % on S Uis
then obtained by replacing ¢ by e*°. We will often use the convenient notation x(7)

for z ®t", z € ¥ and identify & with £ ® 1 in g.
Let {2 be the bilinear form on & defined by

o —Res [ ¥
2(f; g) == Res (dt |g) ;
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where (-|-) is the invariant symmetric bilinear form of Sect. IIl.1. Thus, 2(z(n);
y(m)) = né,, _,(z|y) for z, y € &. One easily checks that §2 is a two-cocycle on

&, and we denote by < the corresponding central extension of 2
05C—>% > % 0.
As a vector space, we take = @® C - ¢ with the commutation relations
Lfy g1 = [f, glo + £2(f; 9) - ¢,

for f, g € &. Here [, ]o denotes the bracket in &, and c is central. For z, y € &,
we have
[z(m), y()] = [z; yl(m +n)+mé,, _,(x|y)c.

& is the affine Lie algebra associated to &

The map z — z*, x € &, extends to a conjugate linear anti-automorphism of g
by defining c* = ¢ and z(n)* = 2*(-n), z € ¥, n € Z.
Let &, := {z € F|z* = —z}, & is a real form of &, the so-called “compact
form.”

II1.3. The Loop Group LG, and its Central Extension ZEO

We denote by LG, the group of smooth maps f : S' — G, under pointwise
multiplication. LG, can be given the structure of a Fréchet Lie group [57]. The
Lie algebra of LG, consists of smooth maps f : S — &, with the bracket operation

induced by %;. We denote by L%p(’l the subalgebra of L] consisting of loops having
finite Fourier series.
We define a skew-symmetric, bilinear form w on L% by

2w
1
w(f; 9) = o /(f(9)|g’(9)) o,
0

where (-|-) is the invariant symmetric bilinear form of Sect. IIL.1. One checks that

——pol
w is a two-cocycle on L and that the central extension L?Eo = L%pd ®R-ic
defined by this cocycle coincides with %, when evaluated on S'. Hence & is the

—~—pol
complexified Lie algebra of Lfiég .

The corresponding central extension LS o of L%, given by the cocycle w lifts [58]
to a central extension of the loop group LG:

1 »T— LG5 LG, — 1.

However, since f(\S'O is a non-trivial U(1)-bundle over LG, this extension cannot be
globally defined by a continuous Lie group cocycle. A convenient description of LG,
has been given by Mickelsson [59, 60] by considering LG, as a quotient of a larger,
trivial U(1)-bundle.

Let D = {z € C | |2| < 1} be the unit disc in C and DG, the group of smooth
~maps from D into G, with radial derivative vanishing to all orders at the boundary.
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Denote by &, the normal subgroup of DG, consisting of maps f : D — G, such
that f|g1 = e, where e € G, denotes the unit element.
We define a real-valued two-cocycle v : DG, x DG, — R by

016
f; 9) = (16| 2)/(f 'df |dgg™")

- @/U—ldfldgg-l),
D

where (-|-) is the invariant symmetric bilinear form of Sect. III.1 and a group extension
of DG, by U(1) using the multiplication rule

(f; N - (g ) = (f - g5 Auexp2miv(f; g))-

¥, is embedded in DG, x U(1) as follows. Let g € & since g|q1 = e we can think
of g as a map from S? to G, by identifying the boundary S' of D with the north
pole of S2. Let § denote an extension of g to B, the unit ball in R (which exists
since m,(G,) = 0) and define

@10
4872
B

R S S
C@) = 80“”(?’ '0,915157'043, 1C'%sz]).

One checks that C(§) depends on the chosen extension § only modulo Z. Hence the
map

¢: %, — DGy x U(l)

n

g — (g; exp2miC(g))

is well-defined and can be shown to be a homomorphism [59, 60]. The image ¢(.%,) in

DGyxU(1) is readily seen to be a normal subgroup, and féo = (DG, xU)/P(%,)
is a circle bundle over the base space LG,. The projection is given by

p:f(\JOHLGO
[(fs V1= fls -

The center of f@o is represented by the pairs (1, A) € DG, x U(1). It acts transitively
on each fiber, and so LG, is a central extension of LG, by U(1).

The cocycle y(-; -) induces a Lie algebra cocycle c(-; -) for the Lie algebra D%
of DG, which is easily computed. Let f, g € D%, then

dz
c(f g) = dt 7

1
—m/(f|d9)
St

so that ¢(-; -) coincides with w(-; -).
Finally, let us note that the (Fréchet) Lie group of orientation preserving diffeo-
morphisms of the circle Difft(S!) acts in an obvious way on LG, and that this action

lifts to a covering action of féo [42]. A representation (7; %, ) of f@o is called

1
e = o [ 1o
D
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a positive-energy representation if the one-parameter group of rotations acts contin-
uously on .#_ by unitary operators which implement the rotation automorphisms of

LG, and if the generator L, of rotations has positive spectrum.

111.4. The Local Structure of LG, and fC\?O

The description of f@o given in Sect. II.3 allows us to construct local normal

subgroups of féo and of LG,,.
Let f: S' — G, be an element of LG,,. Denote by supp f the smallest closed
subset of S! such that f | s1\ supp = €- Define for each open interval I in S !

AI) :={f € LGy | supp f C I}
and . B -
A = p N (AD) C LG,.
Clearly, . A(I D C (/6;(]2) if I, C I,. The following lemma is elementary.
Lemma 3.1. Let f € .2(I,) and § € AL). If I, NI, =0 then f-§=g- f in LG,.

Proof. Let f = p(f) and g := p(§), so that supp f C I, and suppg C I,. The
construction of LG0 given above implies that a representative of f in DG, x U(1)

is of the form (f; \), where f may be constructed from f as follows. Denote by C I
the open cake slice of D having I, and 0 € D on its boundary,

o B!

and let C}l be the complement of C' in D. Extend f to a map f on D such that
f |c; = e. Such an extension exists, since supp f C I, and 7,(G) = 0. Proceed in
1

the same way for g. Clearly, C, N Cy, = 0 since I; N I, = . This implies that
f9=3-f

and

Y9 =0
which in turn means that

(fs V@ ) = @ (s N

a

holds in DG, x U(1), so that f-g=0-fin Z@O. This completes the proof of the
lemma.
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111.5. The Extension of g by the Virasoro Algebra

d
Let 0 = C[t; t“]a be a subalgebra of the Lie algebra of rational vector fields on C.
There is a natural action of @ as derivations of & which lifts to & by acting trivially

on the central element c. In terms of the basis d,, = —gntl 7 n € 7 for O, one has

d,z(m) = —mz(m+n), d,c=0
for n, m € Z, € ¥ . The commutation relations of O are

d,, d,]=mn-m)d n,mez.

n+m

The algebra 0 admits an (essentially unique) non-trivial two-cocycle w defined by

w(d,; d,,) = é(n3 - n)b n,mezwZ.

n,—m’
The corresponding central extension 9,
0-C—-H6—-0—0,

is called the Virasoro algebra. As a vector space, H = 0@ C -k with  central. The
Lie bracket is determined by

[y, dp) = (0 —m)d,,,, + 50> — )6, _ k.

The action of & on & may be extended to an action of O by letting & act trivially.
With this action, we form the semi-direct product

m=%10.
The Hermitian conjugation = +— z*, = € & is extended to O by setting
d: =d_,; nELZL,
k¥ = K,

and this extension is compatible with the action of & on &. Furthermore, the real
subalgebra
0, ={decd|d" =~d}

coincides with real vector fields on S, by evaluating on S'. Hence it is a subalgebra
of the Lie algebra of Diff"(S?).
Finally, the extension

¥ :=21C-d
of & by the degree derivation d := —d,
dx(n) = nx(n)

will be convenient to describe the representation theory of 2.
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111.6. The Root Space Decomposition of & Dominant Integral Weights

The root space decomposition of e relative to the abelian subalgebra he =
h@® C-c® C-d can be described as follows. If A € h*, extend A to h¢ by setting
M) = A(d) = 0. Define 6 € (h®)* by

6(h) =0, &c)=0, &d=1.

Since [h + d; z,(n)] = (a(h) + M)z, (n) fora € A, z, € &, and h € b, it is clear
that the roots of £¢ with respect to h° are
A={ké+a|keZ, ac AYU{ks|kecZ-{0}}
and the root spaces are
(£ )ains = Crea), (£, = {h(m) | h € b}
Set A
A, ={a+né|lacA n>0U{né|n>0tUd,,

so that A = A, U(—A,). The set of simple roots is # = {ay, aj,...q;}, where
oy, . ..q; are the simple roots of " and oy = § — 6. The corresponding coroots are
ho‘O =C— ha y

ho, =hg,» i=1,...1.
Define the fundamental weights A, ... A, € (h¢)* by

i, j=0,...1,

Note that the restriction of A, ... A, to b are the fundamental weights for & and we
have

l ~
Put §:= > A,; then 9 = o+ gA,.
1=0

! R R ! .
Let P := ) Z- A; be the weight lattice of &° and P := ) Z, - /A, be the set
i=0 i=0
of dominant integral weights. Given A € P_, the positive number A(c) is called the
level of A. Note that
Al©=a;, 1=1,...1.
Given m € Z_, denote by PfLm) the set of A € P, of level m. This is a finite set for
each m € Z, and Pio) = 0.
We extend the bilinear form (- | -) on h* to a symmetric bilinear form on ho* by

(h* | C6+CAp=0, G|86)=Ay|A)=0, ©@|A)=1.
Notice that A(c) = (A | §).
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We will also need the following triangular decomposition of ge:

e=n,abhon_,

where
n, :=( S 69%@1)@%@@[75],
a€Ay
i :=( 3 @%®1>@?®C[t—‘].
—a€Ay

I11.7. Properties of Irreducible Integrable Highest Weight Modules of Ge

Let A € P, be a dominant integral weight of Ze. A Z°-module (V; ) is called a
highest weight module with highest weight A, if there exists a vector v i € V such

that A N
n(h,)-v; =0, wh) -vy=Ah)-v; for hebh®,

and R

TU(F*) vy =V,
where U( 4 ¢) denotes the enveloping algebra of ¢ There exists, up to isomorphism,
a unique irreducible highest weight module (L(A), 7 ;) with highest weight A € P,.

The module L(A) has the following properties [47, 61].
(i) There exists on L(A) a positive definite Hermitian form (-] ) such that

(ma@u | v) = (u| 74" W), Yu,ve (), ze g

Such a Hermitian form is said to be contravariant with respect to the *-conjugation
of Z°. In particular, it follows from contravariance that the elements of ?; are
represented by skew-Hermitian operators on L(A).

(ii) The action of < on L(A) can be extended to the semidirect product of < and

D by the Sugawara construction:

1 N .
mi(d,) =L, = mé;:ul(—j)u@—i—n) .,

where {u,} and {u’} are dual bases of &, m is the level of A, g is the dual Coxeter
number of %" and the normal ordering symbol : u(s)v(r) : stands for u(s)v(r) if s <r
and for v(r)u(s) if s > r. The Hermitian form (- | -) is contravariant for the extended

representation and the central element x of d is represented by
__ mdim.¥

S (mtg)
The constant o is called the conformal anomaly. Furthermore,

(A+20] 4
LO:h/i'I_Tr/i(d)7 h/i:m—

so that the eigenvalues of L, on L(A) are given by h A+ Z,. The constant h is
called the trace anomaly.

mik)=0-1, o

)
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(iii) Denote by .7#; := L(A) the Hilbert space completion of L(A) with respect to
the hermitian form (- | -). The representation 7 ; restricted to ‘5@ integrates to a
strongly continuous, irreducible, unitary representation of f@o on .7 ;. Furthermore
the representation 7 ; restricted to J,, integrates to a strongly continuous, projective
representation of Diff*(S') on % which implements the action of Diff"(S') on féo.
(iv) The operator L is the generator of rotations of the circle on .7}, e~ PLo is trace
class for § > 0 and satisfies the following asymptotic estimate [47, 62] as § — O,
8> 0:
ty, e PLo ~ q(A)exp(— Lo /24) exp(n’o /60)

where a(A) is a constant depending only on A € P,

111.8. Vacuum Representations of fC\}’O ; the Basic Representation

Let A € P,, A be the restriction of A to b and (m;; F;) the corresponding
representation of ZEO obtained in Sect. IIL.7. These representations form a complete
list of irreducible positive-energy representations of féo.

An irreducible vacuum representation of féo is an irreducible, positive-energy
representation having a unique lowest eigenvalue vector for L, invariant under the
whole Moebius subgroup of Diff*(S'). Such representations are easily determined:
notice that G, can be identified with the subgroup of constant loops in LG,,. Constant
loops are invariant under rigid rotations of the circle S' and consequently the unitary
representation 7 ; of G, on 7 is reduced by the eigenspaces of L, [58]. In particular,
the lowest eigenspace of L, (i.e., the eigenspace to the eigenvalue h ;) carries the
irreducible representation of G, corresponding to the dominant weight A on h. This
implies that L, has a unique lowest eigenvalue vector if and only if 4 = 0 on b,
that is, if and only if A =mA, h; = 0. One checks easily that v is annihilated by
L, in this case, that is v, is invariant under the Moebius subgroup of Diff"(S%).

Hence, for each level, there is a unique irreducible vacuum representation of fC\}’O,
determined by the dominant integral weight m/io, me7Z,.

The level one vacuum representation is called the basic representation of LG,,.
If G, is simply connected and simply laced, every irreducible positive-energy
representation of LG, can be obtained from the basic representation as follows (see
[42], Theorem 9.3.9).

Let Z be the center of G, and g € Z. Pick any smooth path oy : R — G
such that a(0) = e, a(2m) = g, a(f + 27m) = g - o(0). If, n € LG, we denote by
Nag the loop obtained by conjugating with «; the map 7 — Nag defines an outer
automorphism of LG,. The set of representations Oz;ﬂ'o obtained by composing T,
with such automorphisms are precisely the irreducible, level-one representations of
LG,.

Furthermore, any representation of level m is a direct summand of z'::ﬂrl, where
m, is a level one representation of LG, i,, : S' — S! is any map of degree m and
i m, denotes the representation obtained by composing 7, with i_,.
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111.9. Local Algebras in Irreducible Representation of f@o

Let A e P, and (7 4; H# ) be the corresponding irreducible representation of féo.
Define a local net {_Z;(I)} ;g1 on F#; by

A = {m AN}
The following result is an easy consequence of the preceding discussion.

Theorem 3.2. (i) For ever A € P, , the collection { 24D} ;s is a conformal net
on FHjy.

(ii) Let A=mAy,, m € Z,. The net {4 4(I)} ;g1 is the net of the vacuum sector of a
conformal field theory in the sense of Chap. Il. In particular, this net satisfies duality,
and the local algebras /% ;(I) are hyperfinite type 111, factors.

Proof. Ad (i). .Z4(I) is the weak closure of 7 A(Jg(l )), so that isotony and locality

follow from the corresponding properties of the groups Jé(l ) derived in Sect. IIL.4
(see Lemma 3.1).

From Sect. II.7 (iii), we know that .7 ; carries as strongly continuous, projective
representation of the Moebius group under which 7 A(/é(l )) transforms covariantly
for every I, so that covariance of the net follows.

Ad (ii). We know from Sect. IIL8 that ), with A = mA,, has a unique
vector invariant under the Moebius group and that the spectrum of L, is positive
on ;. The vacuum vector v; of J%; is by definition cyclic for the von Neumann
algebra A = { U 2 A(I)}”. Hence all properties of Definition 2.5 are fulfilled.

Ics!
Furthermore, the asymptotic behaviour of tr e PLo given in Sect. IIL.7 (iv) implies
that Theorem 2.13 is applicable. Haag duality follows from Theorem 2.19. This
completes the proof of the theorem.

As a matter of fact, the theorem of Pressley and Segal presented in Sect. II1.8 (see
ref. [42], Theorem 9.3.9) implies that local algebras are hyperfinite type 111, factors
in any irreducible positive-energy representation of LG,,.

Theorem 3.3. For every A € P andICS 1, #4(I) is isomorphic to the hyperfinite
type 111, factor.

Proof. If A is a level one dominant integral weight, then 7 A a;fwo, where o is a
smooth path from e to g € Z along S'. Choose @, in such a way that o, | =e It
then follows that Ao and a;ﬂ Ao coincide on Jg(j ). Hence Z;(I) = A4 AO(I ), and,
since all local algebras are unitarily equivalent, by Moebius covariance, this completes

the proof in the level one case.
Next, let w4 be a level m representation. We know that 74 is a direct summand

of i m, where 7, is a level one representation and i,, : S' — S! has degree m.
Let E € i m,(LG,) be the projection on 7 4. Then Z;(I) = {i*m (AUIN},
(see [63], Chapt. I, §2, Prop. 1). Choose i,, such that 7., |[; = id |; so that
{i:lﬂl(dg(f))}// = {wl(Jé(I))}” is the hyperfinite type II1, factor, since m, is of
level one. The projection E belongs to {z’fnwl(dé(l )}, that is to {771(/5(1 )} . Since
WI(Jg(I )) is a factor, the central support of E is 1 and the induction of {71'1(./?2(] N}y
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on {wl(ué(f ))}% is an isomorphism (see [63], Chapt. I, § 2, Prop. 2) and the theorem
is proved.

This completes our discussion of the properties of conformal nets associated to
positive-energy representations of loop groups. The corresponding algebraic quantum
field theories and their superselection structure will be discussed in next chapter.

For the sake of completeness, we state without further details the analogue of
Theorem 3.2 for representations of the Virasoro algebra.

Theorem 3.4. Let L((h; c)) be an irreducible unitary positive-energy vacuum repre-
sentation of the Virasoro algebra, that is,

e=1———, =3,4,..., h=0,
() c=1 mm + D) m=23 0, or
(i) c>1, h=0.

Then the local algebras constructed from the corresponding projective representa-
tion of Diff*(S!) are hyperfinite type 11, factors, and the net determined by these
local algebras is dual.

The proof of this theorem (which is very similar to the one of Theorem 3.2 given
in this chapter) relies on results of Goodman and Wallach [78] on the integrability
of positive-energy unitary representations of the Virasoro algebra and from explicit
formulas for the characters of these representations [79].

IV. Representation Theory of Conformal Nets
IV.1 Definitions, Basic Properties

Let {7 my; .Z; £2} be the vacuum sector of a conformal field theory fulfilling all
the properties specified in Chap. II.
In this chapter we use the following conventions:

- PSU (1; 1) denotes the universal covering group of the Moebius group PSU(1; 1).
— Elements of PSU(1; 1) are written as small latin letters with tildes: g, fL, dy>
etc... If p: PSU(1; 1) —>/IiS'U(1; 1) is the canonical projection then the image
p(@) € PSU(1; 1) of § € PSU(1; 1) is denoted by the same letter, without tilde:
»(g) = g.

— We denote by 7! (instead of 7,) the unitary representation of the Moebius group
on the vacuum sector. By 7™ we denote other projective, unitary representations of
the Moebius group (i.e., unitary representations of PSU(1; 1)).

— We define, for g € PSU(1; 1),

I

a,(A) = adm)’ (g)(A)

o (@A) (9)*, VA e B(H).

The conformal net 7%, := {A(I)};- g constructed in Chap. II is a representation
independent object characterized by

(i) the fact that each local algebra ..Z(I) is isomorphic to the unique hyperfinite type
111, factor;

(i) the inclusions ./4(1) C .#(J) whenever I C J, for open, non-dense intervals of
S oA CoJ) if I C T
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(iii) Moebius covariance: for g € PSU(1; 1), « g defines an automorphism of the net
Ay, e,
(AL = Ag - D)
holds for all intervals I C S' and all g € PSU(1; 1).
This chapter is devoted to the study of the representation theory of conformal nets.

Definition 4.1. A representation 7 of the conformal net ., on the separable Hilbert
space .7, is a consistent family m = {7} ;-1 of representations of the local algebras
{A4(I)} ;-5 which is Moebius covariant and satisfies the spectrum condition, that
is,

@) if I € J then 7, | , = 7, (consistence).

(ii) There exists a unitary representation 7 of PSU (1; 1) on #,_ (i.e., a projective
representation of PSU(1; 1)) such that

M (@AM (@ =7, 1, (A)

holds, for all A € 4(I), § € PASJU(I; 1) (Moebius covariance).
(iii) The spectrum of the infinitesimal generator of rotations on .7 is positive
(spectrum condition).

Such representations always respect the local structure of .7%,.

Lemma 4.2. Let 7 be a representation of A4,. If I C J', then
T (AD) C 7 (AT
Proof. Let I € J'. Then there exists an interval K O I U J such that, by consistence,
we have, for A € 4(I) and B € _4(J),
T (AT j(B) = T (A)m o (B)
=T (B)ri(A) = m(B)yn(A).
Hence m;(4(I)) C m;(4(J)), for all I € J'. But because of Moebius cova-
riance [31],
T (AT = \] 7 (AD) C 7 (AT

IeJ’'
and this completes the proof of the lemma.

Definition 4.3. (i) A representation 7 of % is irreducible if the von Neumann algebra
(A4 = {m,(AD), IcSY

is equal to C -ll%w; otherwise 7 is reducible.
(i) Two representations 7 and 7 are unitarily equivalent if there exists a unitary
operator U : .7, — F, such that

F (U =Un,(-) YIcCS.

(iii) An equivalence class of representations of the conformal net .7, is called a
sector. If 7 is a representation of .4,, we denote the corresponding sector by [7].

The following observation was first made by Buchholz, Mack and Todorov [30].
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Lemma 4.4. Any representation 7 of /%, is locally unitarily equivalent to the identity
representation, that is, for each interval I C S L

Ty ,,/(I)g id | AI)
where the symbol “=" means unitary equivalence.

In our case, this lemma follows from the fact that the local algebras are hyperfinite
type I11, factors. This motivates the following definition.

Definition 4.5. A representation p = {p;}; -1 of the conformal net .7, on the
vacuum Hilbert space .7 is said to be localized in the interval I if on the complement,
I}, of I,

o = ldy

holds.
As an immediate consequence of Lemma 4.4 we obtain the following result.

Lemma 4.6. If[r] is a sector of representations of . %y, then, for each interval I,y C S',
there exists a representation p € [] localized in I,.

Proof. Since, by Lemma 4.4, T = idlé, we can choose a bijective isometry
U: % — 7, such that

T (AU =UA VA€ A1,

and define p;(-) := U*m;(-)U, VI C S'. Clearly, p is a representation in [r] localized
in /), by construction.

Let p,, p, € [7] be localized in I, I, respectively. If I is an interval containing
1, and I,, then duality and the localization properties of p;, p, imply that any unitary
operator FPI . intertwining p, and p,,

p AL, =T, ,p (A, YJCS, Ae. 4J)
belongs to ..Z(I). Explicit examples of such operators are the cocycles of the Moebius
group constructed below. For notational convenience, we will also write the preceding
equation in compact form,

pl(A)Fplp2 = Fp]pzpz(A), VA€ . 4.
That is, if an equation holds for all intervals J C S', we suppress the interval indexing

a collection of representations p = {p;};g1-
If p is a representation of . 7, localized in I, we may define shifted representations
p, localized in g - I, by

pg‘I(A) = 0p,. g0 O(g-l(A), VA e #41I).

It follows from Moebius covariance that p and p, are unitarily equivalent for all
g€ PSU(1; 1):

py(A) = 1 (@) G Do) (G m (9)*, VAe 7,
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where 7ri,v°’ is the representation of the Moebius group implementing covariance of
the representation p (Definition 4.1 (ii)). Setting Fp(g) = 7ré” (g)ﬂf,"’ (g—l), we may
rewrite the last equation as

Py(DL,@G) = L@p(A), VAe.#, §ePSUWLD .1
and the intertwiners I,(3), § € PSU(1; 1) satisfy the cocycle identity,

T - ) = oy (D@, Yy, §, € PSU; D).

Conversly, given a cocycle I,(9), § € PSU (1; 1) of the Moebius group which

satisfies Eq. (4.1), one can reconstruct a unitary representation of PSU (1; 1) which
implements the automorphisms « g of .7, in the representation p (see [14]).
Note that by our definition,

(Pg,)g, = 0tg, © pg, © Ayl = Cgrg) O PO Xgyg)=! = Poyg, -
If I () is the cocycle for p, then applying a; on both sides of Eq. (4.1) we obtain
(Pg)y Dy (T,@) = ay (T, @)p(A), YAE 4.
Hence the cocycle identity is consistent with
PoresDL,@1 - 32) = T, - G)p(A), VA€ 4.
Namely, py .. (A) = (py,) 4 (A) and I'(g; - §p) = g (I(§2))], () so that
Por -0 (DL,@) - 3) = (pg)g, (D, (LG, (Gy)
= a, (I,(5))py, (DI, @G)
= a, (L@ T,@)p(A)
= I3 - G)p(A).

Finally, we remark that if p is localized in I, then for any interval J O I, one has,
by duality and locality, that
P (AT C A)

so that p; defines an endomorphism of .Z(J). In particular, the pair {p,(.4(J));
~#(J)} defines an inclusion of hyperfinite type I1I, factors.

IV.2. Composition of Sectors

Given two sectors [m,] and [m,] of ..%,, we define a composed sector [m d7,] by
picking two representations p; € [7], p, € [m,] localized in some common interval
I, and defining a composed representation p,6p, of .%,. There are several possible
ways of defining composition in the present situation [15, 20, 25, 32]. We choose the
alternative which is closest in spirit to reference [20].

We define the representation p,5p, of .Z, by specifying (p,6p,); for each interval
I c S Let I be such that there exists J C S' with I U I, C J. Then p; ;, p, ;
define endomorphisms of . %(J) 2 .Z(I) so that they can be composed. We set

(P18p2)1 = P15 © P25 Ly -
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If I is such that (] U I,)~ covers S', we choose I, C I, such that I, UI C J for
some interval J C S'. There exist two representations j,, g, localized in I, unitarily

equivalent to p,, p, and intertwiners I', ; , I', 5 € (1) such that

pz() ppprL()pzp, Z=1,2
We define

(p18py) () = plmP] IO(F 2,;2),01 7 °02,5(:)P IO(szpz) F:lpl

Lemma 4.7. The composed representation p,38p, is well-defined, i.e., one has that
(i) the definition of (p,5p,); is independent of the particular choices made,¥I C S';
and

(i) if I C J then (P[apz)ﬂ,/z(]) = (p16py);-

Proof. Ad (i). First, let p; and p, be localized in I, and let I be such that (/, U 1)~
does not cover S': If I N I, = (), then for any interval J 2 I U I, we have

Pigluny = Pitlan =14 41, =12

so that p; ;0 p, ;(A) = A, VA € Z(I). So let us assume that J U I is an interval. If
J, J are intervals containing I U I, then the interval J N .J also contains I U I, so that

P1,7 ° P2 gl ury = P1,unJ © pZ,Jnjl../Z(I)

=P1,J° Pz,J|\/z<1)
and the definition of (p;5p,); is independent of the particular choice of J 2 I U I,.
Next, let I be such that (I, U I)~ covers S'. In the definition of (p,5p,) we chose

I, C I, small enough such that (J, U I)~ does not cover S' and J D I, U I. Clearly,
by the first part of the proof, 5, ; o f, ;| 41, is independent of the particular choice

of J D fo U I. It remains to check that choosing another interval fo C I, such that

(I, U )~ does not cover S' and representations j,, 5, localized in [, together with

intertwiners Fp b I, ;, willeave (p,5p,); unchanged.

We start by showing that choosing [, C I, and p,, p, localized in [, does not
change (p,6p,);. The two possible definitions of (p,5p,); are

a) (p16pp), () = P]Plpl Io(Fﬂzpz)pl J ﬁ2 2Py Io(szpz) m p1?
=h Io(szpz)FmP]pl 100 J( ) lepl Io(szﬂz)* :

b)  (p180y) () =1, 5,P1,1,(L s, 5,)P1,5 © Do,y (- )Py 10( L)' p,paé )
= P11y )15, 1,0 © P25 () mmleo(szpz) :

They coincide if and only if
P,y © Pa () = ad( PlPlpl’fo(F:zpz)plyfo(rpzm)ljplpl)’OlJ ©Pay(+)- 4.2)

But,
*
pl,lo(rpzﬂz)phfo(r zpz) pl,lo(szﬁzrpzﬁz)

* . . ~ P . . ¥
and I') 5 I') 5 =t I, intertwines p, and p,; it is therefore localized in I
Furthermore,
* _ = *
FPIﬁIpIaIO(FﬁZﬁZ)FPIﬁI - pl‘fo(szpz)FmPl P1P1
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and I, I, 5 =t I 5 € Ay). Since Iy € Iy and Iy € J it follows from the

definition of 12 that
Py 10( P2P2) ﬁl,J(Fﬁzﬁz)

so that the right-hand side of Eq. (4.2) is given by
ad(p, J( pzpz)Fmﬁl)pl J Pz g(-)=adp, J( pzpz)(ﬁl,J o ﬁz,J)( )
= J(ad( pzpz)pZ,J( : ))
1,J(Pz,J( ) =Py 500,50)

and this proves our assertion. B
We can now choose the localization region I, of 5, p, so small that it does not
intersect I. It then follows that
P15 ° Paslany = Pri 0 Por =1d| 4
and, consequently,
(p18p)(+) = ad(I; o151 P1, 10( p2p2))( : )|4(1) .
It remains to show that the map ad(I', A Pr,1,( ,5,)) is independent of the choice of

I,, 5, and /5, which fulfill the condition [,NI = (). Choose [, such that f,NT = §) and
p1» Py localized in f;. There exists then an interval J, C S such that I, U I, C J,,
JoN I = 0. The map

ad(l, Plplpl 10( Pzﬂz))l-/z(l) = ad(p, Io(szﬂz) Plﬁl)lM(I)

is independent of the particular choice of fo if and only if

ad(’] Plplpl Io(szpz)pl 10( p2,02 PlPl)ng(I) =id Iaz?(f)
But N
Fplﬂlpl 10( Pzpz)pl Io(szﬂz) AL FP1ﬁ1pl,lo(rpzpzppzpz)f‘mﬁl
FP1Plp1Jo (Fﬁzﬁz)Fplﬁl ’
where I’ ; = F;kz oL 5, intertwines p, and f, and hence belongs to Z(Jp).
Furthermore, .
*
Fmﬁlpl»fo(rﬁzﬁz)rmﬁl (FP2PZ)FP1P1 P11

- ﬁl,Jo(Fﬁzﬁz)Fﬁlﬁl ’
where I"A1 5 = F;"l P Fm 5 € 4(J,), just as before. Hence,
P Io(szpz) P11 ﬁl,Jo(Fﬂzpz) pp € Jé(‘]o)

and since by locality .%(J,) C #(I) this concludes the proof of the assertion and
of (i).

Proof of (ii). There are three cases to be considered.
(a) If I C Jand JU I, C J then

(p16py)); = P1,7C P>
(p18p2); = P1,7 ° P2 J

and the assertion is obvious.
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(b) If I C J and (J UI))~ covers S' so that (J U I,)~ also covers S', then choosing
I, C I, such that there exists J D J U I, and j,, j, localized in I, we have
(P16p2)(+) = Fmﬁlﬁlylo(rpzﬁz)ﬁly«i © /32,,7( ’ )'51’10([‘:2/32)1-‘;/51 ’
(p16p) () = Fp“f;i ﬁ],[o(szﬁz)ﬁj,j °py (- )ﬁ],[o(‘l—;‘;ﬁz)l—‘;ﬁ] )

the assertion is again immediate. ~
() If I CJ,IUI, C J, and (JU L))~ covers S! then choose [, C I, such that

there exists an interval J, O I, U J and I, N J = (. By definition of (p,3p,),

(P18py)y = ad(FPlﬁlﬁlaIO(FplﬁZ))
= ad(Pl,Io(FPzﬁz)Fplﬁl)

for p,, p, localized in I, and intertwiners I’ 0,5; etween p; and g, ¢ = 1,2. But

)

AT

(P15p2)1 = P1,J, © P2, g,
= 01,5, Ly, P25, (O 5|y
= P, (szﬁz)rplﬁlﬁl,.jl °py g, (- )F:lp”,pl,jl (F;;pz)l.,%(l)
= ad(py 1, (L, 501, 5 © P15, © Pr, 0, ()|
= ad(py, 1, (L, 5) Ty 5ty »

and this completes the proof of (ii) and of the lemma.

AT

Lemma 4.8. Let p, and p, be two representations of /%, localized in I,.

(i) The representation p,6p, of .#, is localized in any interval I, 3 I,.

(ii) Let p,, p, be representations of 4, unitarily equivalent to p,, p, respectively and
localized in a common interval I,. Then

p16p, = p16p; -
(iii) If, moreover, there exists an interval J 2 I,UI, and I 1y
between p, and p,, resp., p, and p,, then

L L 1ﬁ1ﬁ1»J(FP2/32) € AJ)

P18p2,p1002 *— Lp
intertwines p,6p, and p,5p,.
(iv) If p, is localized in I, C I, p, in I, C Iy and I, N I, = () then

r

p2py are intertwiners

P16py = P20p; -
(v) The representation p,8p, is Moebius covariant.

Proof. Ad (i). Let I; be any interval strictly containing I, I, DD I. It then follows
that (I] U I))~ does not cover S! so that

(0180 () = p1g 0 P2, 7 ()| ary

for some J 2 I U I,. However, since p; and p, are localized in I, it follows that
P1,5 ° Pz,J( : )I./Z(I{) =id |‘/Z(I{) .
Ad (iii). It is sufficient to consider the case of I} C I, and J = I;,. We show that

L, 50y, 5105, € ~?(Ip), as defined in (iii), intertwines (p;6p,); and (5,55,);, for each

interval I C S'. There are three possible situations.
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(@ IfTUl, C J for some interval J, then T U I,uI, C J, and hence

(016py) ()T p16p2,P = J( )7, P1P1p1 Io(szﬁz)
= p2,7(- )Py, 5 ( pzm)
- J(szpz)mj o py 5(+)

= Fp10p2,p10p2(51652)1( ).

(b) If (1 U1y)~ covers S Tbut TUT 1 € J for some interval J, then by definition of
(p16py); and of (5,6p,);,

(p18py); = ad(l’ PIPlpl Io(FPzpz))[)I,j o ﬁz,j( )
(P16Py) = Py, 50 Py, 5(+)

and the claim is immediate. . . B
(©) If UIy)~ and (I UI;)” cover S, pick 1, € I, such that IUI1 C J for
some interval J. Let Py P, be unitarily equivalent to jy, p, and I'; pr I’; ;, be the
corresponding intertwiners. It then follows that I', ; - I'; , intertwines p; and p;,
i=1,2.

By definition,

(01801 = ad(L, 5 L5, 5, P11, (L5, L5000 © P,
ad(l“p“olp1 I

=ad(L, 5, P1,1)(Lp, 50011, L 5y ) 5, ,) © P, © Pl

= ad(FPlPlpl IO(FP2P2)) © ad(pl,fo( 202) PlPl) pl’J ° pZ,Jli/Z(I)

= ad(T}, 5, 565,) © 8L 5, P11, (L5,5))) © P1,j © P, gl acay

= ad(l}, 6p,,5,55,)(P19P2)s -

Jl2(I)

Coron L) 015 © P15 0 P, JI//(I)

This completes the proof of assertion (iii).

Ad (ii). If I,U 1, is contained in some interval, we are done by (iii). If not, choose
I such that I, U [ and [ U I, are contained in some intervals, j;, p, localized in [
unitarily equivalent to p;, p,. We can then apply assertion (iii) twice to conclude the
proof of (ii).

Ad (iv). We check that (p16p2){ (py6p,); for each interval I C S If T U I is
contained in some interval J C S°, then the proof follows as in Lemma 2.2 of ref.
[64]. If (IUI,)~ covers S', choose I, I, C I, and j,, p, localized in [}, I, unitarily
equivalent to p,, p, respectively, satisfying the following properties:

@ L[nL =9,
(b) there exists I, D I, Ul,, I, D I, U T, such that [, N [, = 0.
(c) There exists fo D) fl U f2 and J D JTU fO.

If I, 5. I,,;, are intertwiners between p;, o, and p,, p,, then

r,, esl)c4Ly, TI,,ec#l),

P1h1 P202
Py Io( Psz) pr Iz(Fﬂzpz) Fﬁzﬁz ’
p> Io( P1P1) P2 II(FPIPI) Fplﬁl ’
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so that

(p16py); = ad(l’, 5 Py, 1€ Ly 5,0P1,7
= ad(l},, 5,1, ,)(P1 © P21
= ad(l] 22 PlPl)('O2 °h;

= ad(l},,5,02,1)(Lp, 5 P2,
= (P00,

Il

and this completes the proof of assertion (iv).

Ad (v). Let p,, p, be localized in I, and let I, 3 I, so that p,8p, is localized in
I,. Denote by 7" a neighborhood of the identity in PSU(1,1) such that if gew
then I, U §- I, is contained in some interval J. It follows from locality and duality
that

T, 5@t = pig 7T, GNT, @)
=T, @15, @)

is well defined for all § € #. If §,, §, and §, - §, € # then it follows from the
definition of I” lOpz(gl), 10p2(92) and I 10p2(91 J,) that they satisfy the cocycle
identity

D60, @1 G2) = g (L6, (@2 5,5, (1) -

Hence I', 5, (§) extends to a cocycle on PSU (1; 1) by the original argument given
in ref. [23], éeot 8.

Define the shifted representations (p;6p,), by (p;6p,), 1= oz 0 (p16py) 0 g1,
that 1is,

(018p2)g,1(-) = g 0 (p18py)g—1. yorg—1(+), vics'.

To prove Moebius covariance of (p;6p,) it is sufficient to prove that the cocycle
Fplépz(g) intertwines p,6p, and (P16p2) g for g € PSU(1; 1),

(01892 (A 0, @) = T 5, @)p18p)(A) VA€ A 4.3)

It is sufficient to prove the intertwining property (4.3) for arbitrary intervals I only in
the special case of § € 7" and g - I; C I, or I; C g - I,. Namely, if § is arbitrary, we
write § as a product §, - g, ... g, of elements in % such that if I, :=g,...g,_, - I,
then either g, - I, € I, or g, - I, 2 I, ;. By the cocycle property, we have the
decomposition

Fpléﬂz(g) = Ogn (Fplépz(gn))agl~~9n—2(FP15Pz(§n*1)) <o Qg (Fplépz(gZ))Fm@Pz@l)’

and we derive the intertwining property for general §, by applying, step by step, the
special case. Since the special case was in fact proven in (iii), the proof is complete.
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1V.3. Haag-Kastler Subnets on Light-Rays

Let %4, = {A4(I)};cs be a conformal net. We now construct subnets of %,
associated to light rays in Minkowski space and investigate their properties. The
results of this section will be used in Sect. IV.5 to adapt classical results of Doplicher,
Haag and Roberts (see refs. [13, 14]) to the present setting.

Pick a point @ € S' and project stereographically S'\ {a} onto R, « representing
the point at infinity. Let p, : S'\ {a} — R denote this stereographic projection.
Bounded intervals I on R are in one-to-one correspondence with intervals J = p;l(I )
on S! such that the closure of .J does not contain c. If we define

A ) = Ay (D),
where I C R is a bounded interval and
Ay i ={A4,I)| I CRisbounded} C .7,

then ., is a local, isotone net on R and the C*-inductive limit, .Z,, of ., is an
algebra of quasi-local observables in the sense of Haag and Kastler [19]. Furthermore,
%, is covariant under the Poincaré subgroup of the Moebius group which leaves the
point « fixed (see Appendix I for details). Notice also that the unitary operators
implementing the rotations of the circle on # provide isomorphisms between the

different C*-algebras .7, a € S'.
Let o € S! be fixed. For convenience, we adopt the following notation: if I C R
is an interval (or any other set) we write I for the inverse image of I by p,, i.e.,

I = p;l(I);

conversely, if I C S', Iy will denote its image in R under p,, I := p,(I).

On R, the complement of a bounded interval I := (a,b) is defined by I'R :=
I_Ul,, I :=(~00,a), I, := (b,00), and the algebra, Jéa(I’R) for the unbounded
region I_ U I is defined as the C*-algebra generated by all .Z_(J), such that J is
a bounded interval contained in I, or I_. Note that the weak closure .Z,(I,)™" of

Ao (13) is given by
A I5) ™Y = Ay (13) = Az g). “.4)

Given an isotone, local net of von Neumann algebras on R, .2 = {_4(I) | I CR
is a bounded interval} we define its dual net by

AU = AT
A= {#%I) | I C R is a bounded interval} .
Clearly, a net 7 is local if and only if % C 4%

Definition 4.9. (i) A local isotone net .- on R is said to satisfy duality if 4% = .4
holds.
(ii) A local isotone net % on R is said to satisfy essential duality if

/gdd — ‘/gd
holds.

The following lemma is due to J. Roberts.
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Lemma 4.10. A local net % = { #(I)}; g on R satisfies essential duality if and
only if 4% is local.
Proof. Since by the remark preceding Definition 4.9,

A% s local < 2% C 7%,

we have to show that the converse inclusion .#% O _#9 follows automatically if . #
is local. Now, by definition,

Jz(I’R){ U /5(10)} g{ U .%(IQR)’}_ )
I,CI'R I,CI'R

where the symbol " indicates norm closure and the inclusion follows by locality of
the net 4. Taking commutants on both sides, we obtain

) ALY € ATRY = 240).

I,CI'R
But,
/
A = AR ={ U Jgd(fo)}
I,CI'R
, .
={ U Jé(lé“*)’} = () AL
I,CI'R I,CI'R

and this completes the proof.
Theorem 4.11. Let %y = {AI)};-q1 be a conformal net. Then %, satisfies
essential duality, for any a € S'.

Proof. By Lemma 4.10 it is sufficient to show that ¢ is local. Since .2, (I R) is the
C*-algebra generated by all 4,(J) C 4Z,(I_) or 4, (J) C A4y(I,) for J bounded,
it follows that )
AU = A, TR

= (AU A1)

= '/g(-[>gl)/ N ‘/g(-[<51)’

= AU5)) N A 51))
by conformal duality. But as the following picture shows,

a

Tt I>51

Ia Pa

A1) )N A 1)) = AU D) N A U g1)
= A, U™ N A, U,
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by Eq. (4.4). Hence
A = A (I UD)™ N AT, VDY, (4.5)

Now the proof of locality for the net .2 is obvious. If I; N I, = (J, we may assume
that I, lies on the left of I,:

— —
Il I2 ’
so that
LUl 2LUL.,
LUIl,_CLUI_.
But
A = AT UL )g) N AT U L))
C AU )g1)
and

AAUL) = AT, UL, )g1) N AU I)5)s,)
C AU L5 )g) € AT U I1<)Sl)l

by locality of the conformal net .%,. This shows that the net 42 is local and completes
the proof of the theorem.

Remarks 4.12. (i) Essential duality was introduced by Roberts [65] in his study of
spontaneously broken internal gauge symmetries in algebraic quantum field theory.
(ii) If %, = .#3 then the net .7, is dual. This situation arises for a massless
scalar field [53,31] or for the local algebras generated by a U(1)-current [30,31], for
example. However, in general this equality does not hold; counter examples are the
local algebras obtained from a Virasoro algebra of central charge ¢ > 1 [31].

(iii) It follows from Egs. (4.4) and (4.5) that .22 C %,

Theorem 4.13. Let p be a covariant representation of 4, localized in an interval
I,CS'and a € S"\I; .

(i) The restriction of p to %, extends to an endomorphism p,, of %, localized in
IOR»

(ii) The restriction of p to %% extends to an endomorphism p& of 4% localized in
Iog such that pl| ; = p,.
(iii) p, and pg are covariant under the Poincaré subgroup of the Moebius group
leaving the point « fixed.

Proof. (i) Since for every bounded interval I C R and every
Ae A= Alg), po(A):=pr (A

is well defined and norm-continuous, p,, extends to .Z,. Let J be a bounded interval
in R containing [z and I. By locality and conformal duality,

palA) € AJg1) = A, (J)

since p is localized in I,. Hence p,, is an endomorphism of 7.
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(i) If I C R is bounded and A € Lxgi(f) then A € 41 U I<)31) N AU I>)S|).
Hence .
Pa(A) = p(IUI<)51 A4) = '0(1U1>)51 (4)

is well-defined and extends by norm continuity to /6_(‘1

To prove the second equality, we can use the following arguments. Let I and J be
intervals on S! such that I := (a; ), J := (y; @) and TN J # 0. It is then sufficient
to prove that if A € 4(I) N Z(J) then p;(A) = p;(A). Without loss of generality
we may also assume that || A| < 1.

(a) Let o, — a, for n — oo, be such that {1} .y, I,, := (o,; ), is an increasing

sequence of intervals contained in /. We first prove that

—w
{ Uz m%u»} =AD" AT).
neN
By taking commutants on both sides and using duality, this equality is equivalent to

{ Uear)n Jz(J))} = ATV AT,

neN

{ Uear,) ﬂ/z(J))} = {( U Jz(fn)> mJg(J)}

neN neN

!
- ( U L/z(fn)) VAT
nelN
= ATV AT
neN

= 41"V 4],
where the last equality follows by conformal invariance of the net [31].
(b) It now follows from (a) and Kaplanski’s density theorem that there exists a
sequence (A,),cy With A € 2(I,)N.4(J), |Al| <1 such that w — lim A = A.
Then by weak continuity of p; on 4(I), e

pr(d) =w— lim pr(4,).

But

Since I, C I and A, € A4(1,),
p[(An) = p]n(An)7
and since I,, U J is an interval with non-empty complement,
pr,(A) = pr.u(A) = pr, (A,),
where the last equality follows from A,, € ./4(I,,) N #(J). Hence,
pr(Ad) =w— nlggo ps(A,) = p;(A),
by weak continuity of p; on .4(J). This completes the proof.
Let now J C R be an interval containing Iy, and I. Then
JUJ, DIxUIUI,
JUJ D IxUIUI_,
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so that by locality and duality,
Puulc)g A= PIuI<)g: (A e AJUJI)g1),
Paurs)g (4) = PIUTS) 1 (A) € AT U JS)g1),
which means that
Pa(A) € AT U JL)51) NATUJT)s) = A(d),

and this shows that p& is an endomorphism of . Z2.
We now check that

d .
Pal/zg«fomfﬁ) =1d | sd (g ®) -

Since #4((Iyz)®) is the C*-algebra generated by the .Z%(J) with J C (IO]R)/]R<
and p¢ is norm-continuous, it is sufficient to check that p2| acs = id| 42, for
J C (Iyg)™®. We may assume that J lies on the left of Iyg so that (J_UJ)NIpg = 0.
Hence for A € .2%(J),

pe(A) = Pauso g (A = A,

since p is localized in I, and (J U J_.)g1 N I, = (. This completes the proof
of (ii).

(iii) The covariance of p, and p? is an immediate consequence of the Moebius
covariance of p and the fact that we restrict our attention to Moebius transformations
leaving « fixed and which, consequently, leave .7, and Jz?fi invariant.

Remarks 4.14. (i) From now on, when we consider representations of .4, localized
in a given interval I, we will call o« € § '\IO_ a point at infinity.

(ii) Let p; and p, be representations of %, localized in I, and « a point at infinity.
Since p,, (resp. pfa) are endomorphisms of Jé_a(resp. Jé_g) for ¢« = 1, 2, they can be
composed. It is immediate that the composition of p; and of pa2 as representations
of %4, coincides with p,, o p,, on %, (resp. with p{, o p$, on .Z%) that is,
(01802 = Pra © Paa (1€SD- (p10py)E = pil, 0 p3,).

(iii) In view of the preceding remarks, we shall usually not distinguish p from p,,
and p? and write p for p,, or p2 in the following.

1V 4. Braid Statistics Operators

We now proceed to define the notion of statistics of superselection sectors for field
theories on the circle.’” Statistics operators were first defined by Doplicher, Haag
and Roberts (see, e.g., [13, 14]) for local charges of theories in four dimensional
space-time; their results were later generalized by Buchholz and Fredenhagen [15]
to “topological” charges. It was recently observed that for two-dimensional local
theories [22] and for three-dimensional theories with “topological” charges [23-25]
the statistics of superselection sectors is more general, involving braid statistics. The
situation considered here is analogous to the one of refs. [23-25] (see also ref. [30]
for a treatment of abelian braid statistics in the example of U(1)-current algebra).

7 In this section we present a short summary of basic facts concerning braid statistics. For more
details, see [22, 25, 30]
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Definition 4.15. Let o € S! and p,, be the stereographic projection mapping S'\{a}
onto R, as in the last section. If I, I, are two intervals on S' such that [, N I, = ()
and which are mapped by p, onto bounded intervals on R, we write I, < I, (resp.
I, > 1) if Iy =p,()) lies on the left of I, = p,(I,) (resp. I, lies on the right
of Lp).

Definition 4.16. Let p, and p, be two representations of .7, localized in an interval I,
and a € S' a point at infinity. Pick a representation 7, (resp. p,) unitarily equivalent
to p, and localized in an interval I, (resp. ) such that I,NI, =0, a & I, I, , > I,
(resp. IyN 1, =0, a ¢ [, I, <, I,) and let J (resp. J) be an interval containing
CIlofLiJ I, (resp. I, U I)). If I, ; (esp. I', ;) intertwines p, and p, (resp. p; and p,),

efine

o— *
Ez—lapz T Fplﬁlpz, J(Fplﬁ1) e . 4J),
- o ok ~
€p16py = Fplﬁ,pZ, J(Fplﬁl) €. AJ).

Remark 4.17. Clearly, 5:] 802 and €560, do not depend on the particular choice of
the point « at infinity made in Definition 4.16 as long as the conditions specified in
Definition 4.16 hold. (The next figure shows two equivalent choices, «, @', of points
at infinity, for I, I,, I, fixed.)

Lemma 4.18. (i) The definition of e;“l 80y (resp. €506 p,) IS independent of the particular

choice of I}, > I, and j, (vesp. of I, <, I, and p,) as long as they satisfy the
conditions specified in Definition 4.16.
(ii) The unitary operators €=, intertwine the representations p,6p, and p,5p;,

P16p2
P00y (e 5, = €55, p20p1(A) VA € A (4.6)
and satisfy
+ - _
€p10py " Epyopy = Ly @7

Proof. See, for example, refs. [13, 22-25 or 30] for the proof of (i) and of Eq. (4.7).
Equation (4.6) is an immediate consequence of Lemma 4.8.

If p is a representation of .%, localized in some interval, we write p° for the
composed representation pé . ..3p (i-times).

Definition 4.19. Let B, denote the braid group on n strands with generators
oy,...0,_; and relations
00,410, = 0,4 10:0;,1 1=1,...n—-2, (4.8)

o0, =00, if [i—j|>1, i,j=1,..n—1. (4.9)
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If p is a representation of .4, localized in I, we define

(o) = p" " eh,), i=1,..n—1. (4.10)

Theorem 4.20. (i) The map 7 : B, — p°™(.4,) extends to a unitary representation

of the braid group on n strands B,,.
(ii) This representation depends, up to unitary equivalence, only on the sector [p]

of p.

Proof. To prove (i), it is sufficient to check the relations (4.8) and (4.9) for the
operators defined by Eq. (4.10), see refs. [23-25 or 22]. Part (ii) follows from Remark
4.17 and arguments analogous to the one used in ref. [13], Theorem 4.3.

1V.5. Superselection Sectors with Finite Statistical Dimension

We now show that several classical results on the superselection structure of sectors
having finite statistical dimension in theories defined on Minkowski space-time also
hold for conformal field theories on the circle. Our strategy is the following. We
choose a point at infinity o € S' and apply well-known theorems of Doplicher,
Haag and Roberts (as adapted in ref. [22] for low-dimensional theories) to the nets
defined in Sect. IV.3. We subsequently show that all the results obtained in this way
are independent of the particular choice of the point at infinity. Clearly, this way of
proceeding is not very natural in the present context. It has however the advantage
of considerably reducing further technical work.
We start with the following lemma.

Lemma 4.21. Let p be a covariant representation of %, localized in the intervals I
and J C S'; let j be unitarily equivalent to p and localized in I. Then

p(AD) N AI) = p(AT)) N AJT), @
p(AD)Y 0 A = p(AI) N A (i)
Proof. Ad (ii). Let U be a unitary operator intertwining p and p,
p(AU =Up(A), YA€ .#,.
By locality and duality, U € .4(I) so that
PADY N AT = U{FADY NADIU
= Up(AD)YU* NUADU*
= UNADU™Y N AD)
= p(AD) N AT
Ad (i). Choose g € PSU(1;1) such that g - I = J. Then
p(AD) N AT 21 (9)p(AT) N AD)T (9)F
= {m" @p( AT 13" (@)*} N () AT (9)"
= pyla (AT NAI)
= p, (A N AI).

But p, is unitarily equivalent to p and localized in I, so that the conclusion follows
from (ii).
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Definition 4.22. Let [7] be a sector of .%,. Pick p € [r] localized in I C S'. The
sector [7] is said to be locally irreducible if

p(ADY N AT =C -1 5. (4.11)

Remark 4.23. (i) It follows from Lemma 4.21 that Eq. (4.11) is independent of the
particular choices of p € [r] and of I C S.
(ii) Let p € [r] be localized in I and o € S! a point at infinity. Since

p( Ay C p(,) C p(AD)Y N AL,

Eq. (4.11) implies that the sector [7] is irreducible.

Given a C*-algebra . acting on a Hilbert space .7, let .7 denote the set of
bounded linear mappings from .7 into B(7#) equipped with the point weak open
topology (see ref. [13]). If ¢ € .# 7, we define the norm of ¢ as usual,

s
Ioll= swp A

and the unit ball ,
M ={pe 7|8l <1}

is a compact subset of .#“ in the point weak open topology.

Let p be a representation of .7, localized in the interval I; choose a point at
infinity o € S, and let Iy = p,(I), where p, : S'\{a} — R is the stereographic
projection already considered in Sect. IV.3. In the following we do not distinguish
between p and pZ. Note that p? is localized in I.

Definition 4.24. A positive linear mapping ¢ € % s called a left inverse for p
on A% if

d(Ap(B) = J(A)B VA,B € 4L, (4.12)

o ) =1 . (4.13)

Remark 4.25. (i) Since a positive mapping is automatically self-adjoint, we also have
that
P(p(A)B) = A$(B) VA,B e 7.

(ii) If p is localized in I then
=id

¢|./zg«IR>’R) 23R

(iii) Since the net /Z:g is dual on R, for any interval J 2 I,
GALT) € 25(J)

7d 7d
so that ¢ maps ./, into 4%.

We now pick a sequence of bounded intervals {I, },cy, I, € R, “converging”
toward infinity in the following sense. For any bounded interval I C R, there exists
ko(I) € N such that

INL, =0 Vk>kyI).
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If p,, is a representation of . localized in I, g1 and U}, a unitary operator intertwining
p and p,,
P (AU, =U,p(A) VA€ A4, (4.14)

then i
p(A) = lim UfAU, VYAe 4%,

where convergence is understood in the norm topology.
Lemma 4.26. Let Uk, k € N, be defined as above. Then the sequence of maps

{ad U} pen © A % has at least one limit point and every such limit point is a
left inverse for p on ng.

Proof. See ref. [13], Chap. III

Lemma 4.27. The set of all left inverses of a given endomorphism p on jg is a
non-void, compact convex subset of the unit ball %l/i

Proof. See ref. [13], Chap. 1II

Lemma 4.28. Let p be locally irreducible, ex, be as in Definition 4.16 and ¢ a left

! pop
inverse for p on #%. Then
(i) ¢(efs,) = A -1 5, for some X € C.
(i) @(e,5,) = X1, () defined by (3)).
(iii) If ¢, is a left inverse for p obtained by the limiting procedure of Lemma 4.26,
then
(A% A = A | A A,
PATA) > |APgo(A*A),
where X is defined by (i).

Proof. Ad (i). Pick A € 4, C %2, then

Pt )P(A) = dle s 0 (A)
= @(e,,5p(A))
= p(pop(A)e)s,) = p(A)d(es,)

so that @(e, o) € (A, C p(AD)Y N.AI) = C -1, by the local irreducibility
of p. This completes the proof of (i). Part (ii) follows from Remark 4.25 (i) and
Eq. (4.7). For the proof of (iii), see ref. [13], Chap. IIL

Definition 4.29. Let p be a locally irreducible representation of .4, localized in [
and « a point at infinity. We say that p has finite statistical dimension if there exists
a left inverse ¢ for p on .Z¢ such that ¢(s:jo sp) = A -1 5 with A 5 0. The statistical
dimension of p is then defined by

d(p) := A7

Theorem 4.30. (i) If p is locally irreducible with finite statistical dimension then p
has, a unique left inverse ¢ on Z2.

(ii) The sequence of charge transport operators {ad U, },y defined in Eq. (4.14)
7d
converges to ¢ in M’ e,
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(iii) If p € [p] is a representation of .4, localized in an interval J such that « is a

point at infinity for p, then p, too, has a unique left inverse ¢ on Jz?z and
B(els,) = Pedss) -

Proof. See ref. [13], Chap. III and ref. [22].

We now establish that the statistical dimension is characteristic of the locally
irreducible sector [p] by showing that its definition is independent of the particular
point at infinity,

Theorem 4.31. Let p be a locally irreducible representation of 4, localizedin I C S*
and «, [ be two possible points at infinity. If p has finite statistical dimension and ¢,,

(resp. ¢g) is the left inverse of p on 2% (resp. on .43) then
¢a|./Z(J) = ¢5

for any interval J 3 I such that o, B ¢ J~. In particular
¢a(5;¢5p) = ¢7,3(5;ap)

so that d(p) is an invariant of the sector [p].

AT)

For the proof of Theorem 4.31 we use the following concepts.

Definition 4.32. (i) Given an interval I C S, let % ; be the C*-inductive limit of
the algebras #4(J), J € I. Clearly, .4; C #(I) and %] = 4(I).

(ii) Let p be a locally irreducible representation of .7, localized in I, and J an
interval such that J 3 I. A local left inverse for p on % is a positive linear mapping
¢, € /77 satisfying Egs. (4.12), (4.13), for A, B € .4, and such that

$eh,)=A1, AeC. (4.15)

Proof of Theorem 4.31. Since p has finite statistical dimension, the unique left inverse
., for p on Z¢ satisfies ¢a(s;€, ,) = A-1 # 0. Let J be an interval such that
J 3 I, a ¢ J~. The restriction of ¢, to .Z; is a local left inverse for p on #;.
If J = (v, 6), we pick a sequence of intervals {J, },cy on S' such that J, C J and

which “converges towards 6” in the following sense. If J is any interval on S' for
which § ¢ J~ then there exists kq(J) such that

TJOJ =0 Vk> k().

For k € N, pick a representation p, localized in J,, unitarily equivalent to p and V,
intertwining p and p,

p(AV, = Vip(A) VA€ .Z,. (4.16)

Just as in Lemma 4.26, any weak limit point ¢, of {adV, }, y in %”Zg is a left
inverse of p on ./gd and, as in Lemma 4.28 (i), it has the property that ¢ (¢, pop) = M1,
u € C, since p is locally irreducible. Hence the restriction of ¢ to .2 is a local left
inverse for p on .%;. Furthermore, the proof of Lemma 4.28 (iii), as given in ref.
[13] can be repeated, word by word, to show that if ¢ is any local left inverse for p

%5 and ¢(epop)—n~ll, n € C, then

HA*A) > n*ps(A*A) VA€ 4. (4.17)
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We now proceed as in ref. [13]: the set of local left inverses for p on .4 is a compact

convex subset of /ZI%J , since Eq. (4.15) is also preserved by convex combinations
and taking limits. Hence, by the Krein-Milman theorem, there exists an extremal local
left inverse ¢,,, such that ¢, (e}, ) =n-1 # 0, because ¢, (e}, )= -1 # 0. But

pbp pép
b = (1 =V +E¢5, E€R, 0<& <n, (4.18)
Pt —EF5 .. . .
where ¢, = —e"I‘—ZZ— is still a local left inverse for an % since by Eq. (4.17)

it is still a positive map. Equation (4.18) contradicts the extremality of ¢, unless
dext = @5 In particular, ¢5(6;6 o) = p-1 #0, and @, is the unique extremal local
left inverse on .4 ; with finite statistical dimension. Repeating the same construction
for the second endpoint 7y of J we see that ¢,| , = ¢e = 5] 4, In particular
¢7| gy = o5l .y for any interval J € J. Letting the endpoints ~y and é of J vary
we obtain the statement of the theorem.

Corollary 4.33. Let p be a locally irreducible representation of 4, localized in the
interval I C S', and having finite statistical dimension. Let o € S' be a point at
infinity and J > I an interval such that o ¢ J~. The left inverse ¢, of p on 4% has
the property that

d(AT)) C A).

Proof. Let J, = (v,6) be any interval such that J;, © J. Choose a sequence of
interval {J} }.cn» Ji € Jp, “converging towards 6 as in the proof of Theorem 4.31,
representations p,, localized in J, and interwiners V), satisfying Eq. (4.16). Clearly
Vi € A4(Jy), so that if A € 4(J) then ¢ (A) € 4(J,), since it is a weak limit point
of V, AV,*. This means that

QAT C [ AT
Jo2J
Because of the conformal invariance of the net [31],
A = () A
J0§J
This completes the proof of the corollary.

The following theorem, due to Longo [67], is also valid in the present situation;
(see also ref. [22], Eq. (4.40), and ref. [25], Eq. (6.38), for related results).

Theorem 4.34. Let p be a locally irreducible representation of 4, with finite statistics
localized in I and o a point at infinity. Then

Ind[p(L4(1)) : AI)] = d(p)?,
where Ind[- : -] denotes the minimal index of the inclusion p(_4(I)) C 4().

Proof. 1t follows from Corollary 4.33 that € := p o ¢ is a conditional expectation
of #(I) onto p(#(I)). Since p is a localized endomorphism of ./gg, we construct a
localized endomorphism of Jé_fi conjugate to p just as in ref. [22], Appendix B. The
proof of Theorem 8.5 in ref. [67] now shows that

d(p)* Ind,_[p(AID)) : AD)],
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where Ind,_[- : -] is the index associated to the conditional expectation €. Since p is
locally irreducible, Ind,[- : -] coincides with the minimal index [67] and the proof is
complete.

Since the set of (locally) irreducible representations of %, is not closed under
composition, we must generalize the previous considerations. At this point we need
to assume that the superselection structure of a conformal net .4, can be determined
by a single local algebra.

Assumption 4.35. Let p, p’ be representations of .Z; localized in I. Suppose that
S € .4(I) and that

Sp,(A) = pi(A)S, VA e AI).
Then S intertwines p and p/, i.e.,
Sp(A) = p'(A)S, VA€ 4. (4.19)

Remark 4.36. (i) J. Roberts has shown that this assumption holds for dilatation-
invariant theories on Minkowski space-times of dimension greater or equal to three
(see ref. [66], Theorem 4.3). However, the proof given in [66] does not apply directly
to the present situation.

(ii) Equation (4.19) implies that, for p localized in I,

pADY N AD = plA)

so that, in particular, irreducibility (Definition 4.3 (i)) and local irreducibility (Defini-
tion 4.22) coincide.

Definition 4.37. Let p be a representation of .7, localized in I and o € S' a point
at infinity. )
(i) A left inverse ¢ for p on ng is said to be standard if

Pefs JPEr ) = dlets ) et ) =€-1,, E€C.

(ii) The representation p is said to have finite statistical dimension if there exists
a standard left inverse of p on .Z% such that ¢(e}, ) ¢(ct,,)) = € -1 5 # 0. The
statistical dimension of p is then defined by

d(p) = €[~/

The following results are adapted from the usual setting to the present situation
without essential modifications.

Theorem 4.38. (i) Let p be a representation of .4, having finite statistical dimension.
Then p is a finite direct sum of irreducible representations of 4, having finite statistical
dimension,

m
p=@p;, dp)<oo Vi=1,...m,

i=1

and d(p) = il d(p,).
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ii) [ and are representations of %, having finite statistical dimension then
P Py are represe ¢ 0 g
p15p, has finite statistical dimension and

d(p,6p,) = d(p,) - d(p,) .

Proof. (i) Since p(.%,) C p(#2), the proof that p is a finite direct sum of
irreducible representations of .7, is just as in ref. [13], Lemma 6.1. Covariance of
the subrepresentations then follows by the proof given in ref. [14], Lemma 2.2. The
additivity of the statistical dimension follows as in ref. [22], Eq. (3.45), for example
(ii) See ref. [22], Lemma 3.5 and Eq. (3.34).

We now proceed to define conjugate representations.

Definition 4.39. Let p be a locally irreducible representation of _#; localized in I.
A locally irreducible representation j of %, localized in I is said to be conjugate to
p if pép = pép contains the vacuum (identity) representation with multiplicity one.
That is, there exists an isometry R in 56p(_#,)" such that

pop(A)R = RA VA€ 4.
It then follows that R := E 5 .R satisfies
pSp(A)R=RA VAc Ay .

Lemma 4.40. Let p be localized in I, j a representation conjugate to p and o € S'
a point at infinity. ~
(1) If ¢ (resp. ¢) is a left inverse for p (resp. p) on Jég, then

$ets,) = Bletsy) (4.20)

€psp

in particular, the statistical dimensions of p and p coincide, d(p) = d(p).
(ii) The representation p conjugate to p is unique up to unitary equivalence.

Proof. Ad (i). The proof of Eq. (4.20) is identical to the one given in ref. [14] chapter
I, as already noticed in ref. [22].
Ad (ii). The assertion follows just as in ref. [14], Theorem 3.3.

Guido and Longo [33] have given an explicit construction of the conjugate
representation which we now adapt to our setting.

Definition 4.41. Let h € PSU(1; 1) and K C S' be an interval. Denote by I the
reflection about the endpoints of the interval K (see Appendix I) and let

Jr(A) = ad J(A) = JgAJ, VA€ B(F),

where J}, is the modular conjugation of . Z(K). If p is a representation of . 4, localized
in I, define

Ay MA) =, 0 ik 0 pry 1.0 G 0 ap-1(A) VYA E A, (4.21)

Theorem 4.42. (See ref. [33], Theorem 8.3). Let p be a locally irreducible represen-
tation of 4 localized in I.

() The family p*"r = {ﬁf’h} Jcgt defines a locally irreducible representation of
Ay localized in h - I - 1

(i) pXor =2 pE"N | for all intervals K, K' C S and for all h, h' € PSU(1; 1).
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(iii) The representation p*>" transforms covariantly under the unitary representation
of PSU(1; 1) given by

M@ =g 0 () ey, ,1@)), § € PSUQ; D).
That is,
en @B, (AT @) = i May(A) YA e A9, (4.22)

Vg € PSU (1; 1), where g denotes as usual the image of § by the canonical projection
in PSU(1; 1).

(iv) Let J D I be an interval and v a unitary operator implementing p; on 4(J). If
h € PSU(1; 1) is such that h- I ;- I = I then the unitary operator j ;(u™) implements

"] hon. A(J).

For the convenience of the reader, a proof of this theorem is reproduced in appen-
dix IIL.

Corollary 4.43. Let p be a locally irreducible representation of % localized in I
and having finite statistical dimension. If J O I and h € PSU(1; 1) is such that
h-1;-1I=1then p’h is a representation conjugate to p.

Proof. By Theorem 4.43 (iv), we know that if p; is unitarily implemented by u on
A(J). Then pﬂ’h is unitarily implemented by j ;(u*) on .Z(J). Hence it follows from
Lemma 2.1 of ref. [33] that ﬁi’h is a conjugate endomorphism of p; on .Z(J). Since
p has finite statistical dimension it follows from Theorem 4.34 (or directly from the
generalized Pimsner-Popa inequality, see ref. [67], Th. 4.1) that the minimal index of
the inclusion p(.2(J)) C ..Z(J) is finite. Since p is locally irreducible, we may apply
Theorem 4.1 of ref. [68] and we obtain that

po p AT N A
contains an isometry such that
pop(A)R=RA, VYAe.4(J).

Furthermore, the endomorphism g o p of .Z(J) contains the identity representation
with multiplicity one. By using explicitly Eq. (4.19), we see that

pdp(A) R = RA VYA€ . %,

and that the representation pép of .7, contains the identity representation with
multiplicity one. This completes the proof of the theorem.

Remark 4.44. Given a sector [p] of ., having finite statistical dimension, the map
[p] — [p] := [p] defines a conjugation on the set of sectors of ..%, having finite
statistical dimension.

We conclude this section by summarizing well-known results on the fusion rule
algebra associated to a list of representations of ..Z, and by presenting some natural
conjectures concerning it.

Definition 4.45. Let ¢, j and k denote irreducible sectors of the conformal net . %,
having finite statistical dimension. If p; (resp. p;) is a representation of %, belonging

to the sector 7 (resp.j), we denote by N,’“7 the multiplicity of the sector k in the
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decomposition of p;5p; (i.e., the number of irreducible representations belonging to
the equivalence class k in the direct sum decomposition of p;5p;).

Let L denote a list of irreducible sectors of the conformal net _#, having finite
statistical dimension, closed under the decomposition of product representations and
conjugation. The multiplicities Ni’; for i, j, k € L have the following well-known
properties.

Lemma 4.46. () NX =Nk =N! = NI fori,j keL.
(i) N 1’“] = 6,3, where 1 € L denotes the sector of the vacuum (identity representation).
(i) Y N5NL =2 thN;.k,for i, j, k, 1 € L.
s€L i€L
@iv) LZ Nzl,kd(l) = d(p)d(k), where d(l) denotes the statistical dimension of the sector
€L
le L.

Proof. See ref. [25] for example.
On the positive lattice N*, we define a distributive, associative and commutative

product by setting
ixj=Y Ntk
k

and an involutive and additive conjugation = by
I,

as in Remark 4.41. This defines a fusion rule algebra @ in the sense of ref. [69]. The
map
i—N; = (Ni];)j,keL

defines a faithful representation of the fusion rule algebra @ on the lattice N by non-
negative integer | L| x | L| matrices. These matrices are called fusion rule matrices. An
extensive study of properties of fusion rule algebras derived from low-dimensional
algebraic quantum field theories as well as a complete classification of those algebras
generated by a single element having statistical dimension not exceeding two can be
found in ref. [69]; (see in particular Th. 7.3.11).

We now restrict our attention to theories having only finitely many sectors,
|L| < o0, so called rational theories.
Definition 4.47. Given a sector ¢ € L, let p, be a representation belonging to the

sector ¢ and Trf)‘f be the unitary representation of PSU (1; 1) implementing the Moebius
automorphisms of the net _#,.

(i) The generator of rotations for the representation 71'% of PSU(1; 1) will be denoted
by K, and the generator of rotations in the vacuum representation by K.

(ii) The (conformal) spin s, of the sector ¢ is defined by

2mi M ik p,
el g = m, (RQ2m)) = ™ ri,

where R(27) denotes the rotation of 27 in PSU (1; 1). The real number s, is defined
modulo 1 and is an invariant for the sector 7. Of course s; = O(mod 1) holds for the
sector of the vacuum representation.
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As noticed in refs. [25] and [70], if a theory is rational one can define two matrices,
S and T, as follows:

~1/2
S :=(S;)i,er,, Wwhere S; = (Z d(1)2> Viz s
pEL

and A
by 1= D NG et d),
keL

. 2mi(s;—o /24
T:= (Tij)i,jeL ,  where Tij =€ misj—o /2 )61’]’ .

The constant o, defined modulo 8, is given by

1/3 .
e—zﬂio’/24 = <i> , ,U = Zd(i)2€_2W281 . (423)
|l s
If S is invertible, it diagonalizes the fusion rule matrices N,, 1 € L,
—1
m _ Z SkjSiijm
ik — S ] .
jeL 1y

Furthermore, S and 7" are then unitary and satisfy the relations
S?=TSy*=C, TC=CT=T, (4.24)

where C' = (6;3); e, Is the charge conjugation matrix. That is, S and 7' generate a
projective unitary representation of PSL(2; Z). As proven in ref. [70], S is invertible,

provi(.ied.all sectors ¢ € L satisfy braid statistics (i.e., provided ezi 6p; #* €560, for
p; €1, Vi € L).

We are now ready to formulate some important conjectures, in analogy with ideas
in rational conformal field theory.

Conjecture 4.48. Let ® = N be the fusion rule algebra of a rational conformal net

Ay, |L| < 0o. For i € L and p, € i, we expect the operator e*™"¥¢. to be trace
class for Im7 > 0.

Defining the specialized characters

X,(7) i= tr 2T Epi =0/28) e[ (4.25)

where o is determined by Eq. (4.23), we conjecture that the modular transformations
1

7 — ——and 7 — 7 + 1 are implemented by unitary matrices SX = (Sf‘j)

d
TX L
TX = (T;j)l,]e[,v

4,J€

1 .
Xz<‘;>:ZSZ§X](T), ’LEL,

jEL
T+ )= Ty, i€L,
J€EL

satisfying Eq. (4.24). As an immediate consequence of Eq. (4.25) and of the definition
of T' one sees that T' = TX. Our main conjecture is that

Sx —§ (4.26)

also holds.
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It then follows from Eq. (4.26) that for i € L,

> S xR(T)
Su _ 53 ger N ) @27

il
il = lim *==——— = lim .
Sy S i 30 Syx(m) =0 x(T)

leL

d@@) =

This last equation characterizes d(¢) as the relative “size” of the sector ¢ € L compared
to the size of the vacuum sector [71]. (It is conceivable that a direct proof of (4.27)
is easier than to proceed via a proof of (4.26).)

IV.6. Superselection Structure of Conformal Nets Constructed
from Vacuum Representations of Loop Groups

We conclude this chapter by explaining how the conformal nets constructed in Sect.
I11.9 fit in the usual framework given by the algebraic theory of superselection sectors.
We proceed by analogy with well-known results of algebraic and conformal quantum
field theory.

Fix a positive level m and consider the set Pim) of irreducible representations

of ZEO. Let (m,,4,» #m4,) be the vacuum representation of ZE@ at level m,
Ay = {Apmi,(D}cs the conformal net constructed in Sect. L9 and 7y’
the unitary representation of the Moebius group on %, Ao which implements the
corresponding automorphisms of EE’O. In the context of loop groups, we obtain
representations of the conformal net ..%, by the following lemma.

Lemma 4.49. Ler A € P{™. The representations ,, A D) — T, AO(./Z(I )) and
Th: D) — WA(l/é(I)) of ZEO determine a representation T 5 = {7 ; 1} ;g1 of the
vacuum conformal net %4y = {#,, 3 (I)} ;g1 such that for each I C S L

TAT: ./ém/fo(f) — k/(g/i([)
is an isomorphism.

Proof. It follows from the proof of Theorem 3.3 that for each interval I C S! there
exists a unitary operator U : #,, s — #; such that

Un, i, () =m4(HU, Vfe Al).

Hence the map R
74,1 (T 4, () i=w4(f), V€21 (4.28)

extends to an isomorphism 7 ; = %, ; (I) — Z;(I) for all intervals I C .5 !. The
consistence of these representations, Moebius covariance and the spectrum condition
are immediate consequences of Eq. (4.28). This verifies all properties of Definition
4.1 and completes the proof of the lemma.

IfAe Pfrm), we will also denote by A the corresponding superselection sector
obtained by the preceding lemma. It follows from Lemma 4.49 and Lemma 4.6 that
every representation {m A 1}1cgt of %, can be obtained by composing the vacuum
representation ,, ; Wwith a localized endomorphism p of ..%,. We may therefore
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apply the general theory presented in Sects. IV.1-IV.5 to define a composition of
representations, unitary braid group representations, etc.

What is missing to complete the picture is a mathematically rigorous result
showing that the statistical dimension, d(A), of every sector A is finite and permitting
to compute d(A) explicitly. However, assuming that the conjecture described in
Eq. (4.27) of the previous section holds, this gap can be filled. From Eq. (4.27)
and formulas in [62] we obtain the following expression for d(A):

XA(T3 &)

d(A) T—)O Xm/l (’T /) ’

where x 4(7; ) are the specialized characters of Kac and Wakimoto (see ref. [62],
Sect. 4.8). It follows from the asymptotic expansion given in Sect. II.8 and Eq. (2.2.1)
of ref. [62] that

o aldh 27Ti1/_1(p)>
d(A) —a(m/IO) = tr, exp <—————m s ,

where the trace is taken in the irreducible, finite- dimensional & -module with highest

weight A, and v~!(p) is the inverse image of p = E A, in the Cartan subalgebra
=1
h of ¥ by the isomorphism v introduced in Sect. III 1. Due to Theorem 4.35, this

formula coincides with a conjecture of Wassermann formulated in ref. [29]
Explicit formulas for the S and T matrices are also well-known in this context;
(see ref. [62], Egs. (2.1.5)-(2.1.11)):

27rzs

T = (T4 i) 4, 4, € P Tig =€ Mz 4,
where . .
o Apl s @D
A 2(m + g) 29
is called the modular anomaly by Kac and Wakimoto. Applying the so-called “strange”
formula (see ref. [62], Eq. (1.1.1)), we obtain that

SAZhA—O',

(see Sect. IIL.7 for the definition of A ; and o) so that h ; coincides with the spin of
Definition 4.47 and o with the constant defined in Eq. (4.23).
For the S matrix one has

— (m)
S - (S/il/iz)/il,/iz € P+ )

A —2miv= 1A +
Sp 4, =alA)ir,, (exp m-:gl P)),

’ —2miv~! —2miv= )\ ~1/2
a(A) =1y, (exp %g(p—)) : ( Z (trAexp—;TTg(p)) ) .
A

fe pim
epy

Given A € Pf_m), let tA := m/IO + tA, where for a ¥-module with highest weight A,
A is defined as the highest weight of the contragredient %’-module. It follows from

CZSzZ(é/It/i)’
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where the first equality is glven by Egs. (4.24), (4.26) and the second follows by Eq.
(2.1.11) of ref. [62] that *A is the conjugate sector to A.

Finally, we remark that the braid group representations of Sect. IV.3 are expected
to be of Hecke [72] or of Birman-Wenzl [73] type in these examples.

In conclusion, we have proven partial results strongly suggesting that the irre-
ducible representations of a loop group at fixed level provide examples of algebraic
conformal field theories with finitely many superselection sectors corresponding to
chiral WZW-models [74].

For a complementary approach to these problems and complete results in the
examples of the chiral Ising model and a class of level-one Kac-Moody algebras see
[80].

Appendix 1. Notation and Geometry

Let S' := {z € C| |z| = 1} be the unit circle in C and S, := {z € S' | Imz = 0}
its upper and lower part. If we denote by I any open, non-dense interval of the circle
then,

’_ (SI\I)O
is the interior of its complement in S 1. The group SU(1; 1),
SU(; 1) = {A = (; ﬁ) € My(©) |l - |8 = 1}

acts as a transformation group on S':

A;2)e SUL DX S ' — A 2= (g g)-z

ik (AL1)
Bz + &
This action factors to a transitive action of PSU(1;1) = SU(1;1)/{£1}. PSU(1;1)
is the group of fractional linear transformations of the circle (Moebius group).
The geometric interpretation of the action of SU(1;1) on S! is most easily seen
by performing the stereographic projection of S'\{—1} onto R which maps —1 € S'
on oo:

z € SN\{-1}— z(2) € R,

it is given by

z—1
= (—i +4) = +1.
z (Z)z+1’ (1)
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-1

Setting T := < ]

1 .
) > we may write

=Tz (AL2)

using the same notation as in Eq. (AL.1). Conjugation of SU(1; 1) by T provides an
isomorphism of SU(1; 1) onto SL(2;R),

¥ SU; 1) — SL2;R)
Ar— A= 1/)(14),
=TAT . (AL3)

In general, we will denote elements of SU(1;1) by capital latin letters and the

corresponding elements in SL(2; R) by the same letter tilded. If A = <O—é /B) €

6 a
. Rea —Ref Ima+Img a b

1;1) then A = = L2;)R). I

SUC: 1) then (Imﬁ—lma Rea+Reﬁ> (c d) € SL&R). It

follows from Egs. (AL 1)-(AL3) that the action of SU(1;1) on S! corresponds to
the action of SL(2;R) on R as fractional linear transformations,

. ~ axr +b
A; SL2;R) x R - A = R .
(A4;z) e SLIZR)XR-z— A -2 wrd© U {oo}

Only the subgroup of SU(1;1) which leaves —1 fixed corresponds to well-defined
transformations of R onto itself. This subgroup is mapped by 1 onto the subgroup

b
of matrices of the form (8 1 ) of SL(2;R). We call this subgroup the Poincaré

subgroup, since it corresponds to translations and dilatations (see below).

We now define the one-parameter subgroups of SL(2; R) which are used in Chap. 11
of this work. We also exhibit the corresponding subgroups of SU(1; 1) (obtained by
applying the isomorphism 1) ~1).

(i) Translations

pER— T(p) = <(1) p) € SL(2R) —

1
_(1+ip/2 ip/2 )
1= ( — ip/2 l—ip/2> €D

Tp) - z=z+p, zeR.

(i) Dilatations.

teR»—>D(t)—< )eSL(Z]R)
D(t) = (‘:}:Z :‘17”;) € SU(:1).

—e ™.z, z€eR.
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(iii) Special conformal transformations

neR+— S(n) = (:L (1)) € SL(2;R) «——
_[1—in/2 in/2
Stn) = ( —inj2 1+in)2

~ T
Sn) -z =
-z nr+ 1

> e SU(1;1).

ceRU{x0}, zeR.

(iv) Rotations on R.

cos7t sinmt

t € R/2Z —s R(t) = < ) € SL(2;R) —

—sinnwt  cosmt

eiwt 0

R@®) = ( 0 e—m) e SU1;1).
cos mtx + sin 7t

—sin7t - T + cos it

Rt) z= eRU{oo}, z€eR.

The following elementary facts about the structure of SL(2;R) will be useful.
SL(2;R) is a simple, real, non-compact Lie group. Each element A of SL(2; R) can
be uniquely decomposed as a product of translations, dilatations and rotations:

a b

4= 0)
(1 ———“f+2f (@ +d)1/? 0 1 (d —c
N 0 C-|1- 0 AE+d)?) Jer@ \c d

(Iwasawa decomposition). That is, as a manifold,

SL2;R)2T x D x R, where

~ 1 p
r={10- (g 1) |rer}.
. e—-7rt 0
D :=4{D@)= R
pi=po= (g ) |een).
- cosmt sinmt
{R() (—sin7rt coswt) €R/ }’
are the one-parameter subgroups of translations, dilatations and rotations, respectively.

It follows that SL(2; R) is connected and that its fundamental group is infinite cyclic.
The Iwasawa decomposition of a special conformal transformation is

1 0\ (1 sinfcosd cosf 0O cosd —sinf
tgf 1) \oO 1 0 =) \sind  cosd

- T

for 6 € 53 ) This implies that the one-parameter subgroups of translations,

dilatations and special conformal transformations generate SL(2; R).

=¥
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The following convention will be used to describe intervals on S'. If z, w € S!
then (z; w) is defined as the interval on S! which is covered by walking from z to w
in anticlockwise direction (direction of increasing angle coordinate):

The interval (w;z) is then the complement of (z;w) : (w;z) = (z;w). For
example, S, = (I;=1)and S_ = (=1;1) = S5..

We now introduce two geometric transformations on R and on S' which will be
of importance.
(1) The reflection about (0; 00) on R. x +— —z.

= -1
If we define [, := (

0 = =
0 1), then [ ., - = —z holds, where [, acts

- 0 1
as a fractional linear transformation on R. The image of [, by P 1is ( ) 0>.
0 1

1 0
about the axis passing through —1 and 1. We define

0 1
Ig, = Igyy = <1 0> :

1
(i) The reflection about (—1; 1) on R. z — o€ R U {oo}.

. . 1 S .
This induces a map of S! onto itself, z > -z = —, which is a reflection
z

. 0 -1 ~ 1
We set [(»1;1) = (_1 0), so that I(——l;l) T = o The corresponding

fractional linear transformation on S' is given by the matrix I _,.;, := ¢~ ' ([ _,.;)) =

i
through +:.

We define the group of improper Moebius transformations, PSU(1; 1), as the
group of transformations of S' generated by the Moebius group and the inversion
Ig, . This group is obtained from

0 —1 1 . . .
( . é) The map z — I, -2 = — is a reflection about the axis going

SU(L; 1), o= {A: (g g) € M,(C)

by factoring out the subgroup which corresponds to the identity transformation, that
is, {£1}. Hence,

o - |87 =i1}

PSU(1; 1), = SU(I; 1), /{+1}.
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The image of PSU(1; 1), by ¢ =adT is

PSL(2; R), = SL(2; R),/{+1},

. b
SL(2; R), = {A = (‘2 d) € My(R)

det A = j:l}.

SU(1; 1) is a normal subgroup of SU(1; 1), of order two. Let ¢ be the outer
automorphism of SU(1; 1) defined by

b A= <g §>HIS+-A.IS+=<Z §)=/‘1, ¢ =id,

where the bar over A means complex conjugation. It then follows that SU(1; 1), is
the semi-direct product of SU(1; 1) and {1; I, } with respect to ¢.

We now proceed to define a reflection about two arbitrary points z, w € S'. Let
N,y € SU(1; 1) be a transformation which maps +1 in z, —1 in w and the interval
(1; —=1) = S, onto the interval (z; w). Then we set

I

(zw) = N( I(l;—l)Nzw) e SU(; 1), .

zZ;w)
If N, (21 oy and N 2 ) are two transformations which map 1 in 2z, —1 in w and .S, onto

(z; w) then
B = N(l) —IN(2)

(zw) ~ ' (z;w)

e SU(1; 1)

maps S, onto S, and leaves *1 fixed. Hence B = +D(t) for some ¢ € R and,

since Blg, B l=1 s, it follows that I, is independent of the particular choice
Of ]\T(Z’LU
Since Iy = R(1/2)[;._R(=1/2) = =1, _y it follows that ., =
Iy V2, w € S', so that I, and I, induce the same fractional linear

transforrnat1on in PSU (I; Dy ThlS transformation is the reflection about z and w.

In the real picture it is easy to compute 1, o) = YU (z.0)), Where z and y are the
images of z and w by stereographic projection. If z, y € R, z <y, then

- 1 —(z+y 2xy
I .,=— , AlL4
@9 "y — 2 ( -2 z+y .
whereas,
~ -1 2z
Loy = < 0 1 ) , zeR. (ALS)

The group SU(1; 1), is generated by reflections. This fact is most easily checked
in the real picture using Egs. (Al4), (ALS). It is sufficient to write translations,
dilatations and special conformal transformations as products of reflections:

T®) = Ly 200 L000r »

S(1) = Loy L0y »

D@) = I _e-mtie—mty L1y - (AL6)
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Appendix II. Proof of Lemma 2.22
Proof of Lemma 2.22. Let U € %. Since SU(1; 1), is generated by reflections and

sy = ﬁO(I(a;ﬁ)) )
Aty = To(WN a5 To(DOIT(N5)"

for N(a;ﬁ) € SU(1; 1) such that N(a;,@) -8, = (a; ), it follows that U € < is
equivalent to ‘
UJ;=J,U, UAY=A%U, VvICS'. (AIL1)

By the elementary result of Takesaki already used in the proof of Theorem 2.19, every
U € ¥ commutes with A%, J;, VI C S'. Hence U satisfies (AILI).
This completes the proof of the lemma.

Proof of Lemma 2.24. We only need to prove that if U € & and 2 is cyclic for .#
then U € &.

Since (2 is cyclic for .%, it follows from the Reeh-Schlieder theorem (Corollary
2.8) that 2 is cyclic and separating for .2V (J), V.J C S'. For each I C S! we define

a von Neumann algebra Jg(] ) by
AL = UADU* .

Since U leaves the vacuum vector invariant {2 is cyclic and separating for A1), so
that J I ﬁ?, the modular conjugation and the modular group associated with .4(1)
and (2, are well defined. Clearly,

A =vuAtU*, J=UJU*.

But by assumption U commutes with J; and AY, that is, J; = J;, A% = A%,
Since {2 is cyclic and separating for

AUV = AT N ALY,
it follows that {2 is cyclic and separating for
% = AV A

by taking commutants. Since S; = J IA}/ =7 IA}/ = S; and {2 is separating for
#, it follows that 4(I) = .#(I). This is a variant of Lemma 3 of ref. [75], Sect.
10.5. This completes the proof of the lemma.

Proof of Lemma 2.27. 1t is sufficient to find a conjugation J_ satisfying Eq. (2.22).
Clearly, if J! and J2 satisfy Eq. (2.22) then J!J? is a unitary operator commuting
with the irreducible representation 7 of SU(1; 1) and consequently a phase factor.
Hence J_, if it exists, is unique up to an uninteresting phase factor.

We now construct J__ explicitly in the real picture. When SU(1; 1) is mapped onto
SL(2; R), the outer automorphism A — A, A € SU(1; 1) corresponds to conjugation

- -1 0
by Lp.00) = ( 0 1) (see Appendix I). The one-parameter subgroups

N cosf sinf . e /2 0
R©®) = ( ) , D@):= < 0 et/2) )

—sinf cos@

» .. (chs/2 shs/2
A) = <shs/2 chs/2>
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have infinitesimal generators

d N d A d N
=— 0 = — =—| H
3= gg| RO, a=g| Do, b= A

with the Lie algebra relations

1
[3:a]=2b, f[5b]=—2a, [a:b]=—73.
Let z, :=a—1ib, x_ 1= a + ib.
An irreducible representation 7 of SL(2; R) of the holomorphic discrete series de-
composes into a direct sum of one-dimensional eigenspaces of 7(3) with orthonormal
basis vectors {vy}r_,, 4o 1 € Z, satisfying

T3, =ik,
T(T )V, = O Va5
T(T_ )y = —Qp U, (AIL2)

where a;, := %[(k—l— 1)>—(n—1)?1"/2. The commutation relations (2.22) are equivalent
to the infinitesimal relations

Q) = —J,73), w(xy ), =J.m(zy) (AIL3)

so that if we define J,_ as the unique antilinear conjugation which maps v,, to v, one
checks using Eqs. (AIL2) that Eqs. (AIL3) are satisfied. This completes the proof of
the lemma.

Lemma AIL1l. Ler 7t be a corepresentation of SU(1; 1), on F, assume that its
restriction w to SU(1; 1) has positive generator of rotations. Then there exists a Hilbert
space F#', a corepresentation #t' of SU(1; 1), on F#' and an invertible isometry
V : # — F intertwining # and %' such that

Q) H' =T QK1 ®HyQHr® ... 0 Hoy Q@ Hpoo, diM.H, =1,

) 7 =1,@reL,er®...01, 71>,
where the T'’s are disjoint, multiplicity-free direct sums of holomorphic discrete series
representations of SU(1; 1).

(i)  #'(Ig,)=JEe)® T2 ) ... & J(e®), (AIL4)
the notation being just as in Theorem 2.26.

Proof. Every direct sum of discrete series representations of SU(1; 1) can be brought
into the form given in (i), (ii), [76], so that we may assume that % = %' and m = 7’.
It remains only to prove that there exists a unitary operator U commuting with 7 and
such that

Ur(I )U* = #'(Ig,).

Choose orthonormal bases e’ in P, and define #'(I4 +) by means of Eq. (AIL4). It
then follows that

(g, )m(A)r'(Ig,) = (A) VA€ SUQ; ).

8 possibly trivial
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Hence #(1 Sy W (I s+) commutes with 7(SU(1; 1)) and by Schur’s Lemma,

flg)=W- fr'(IS+), (AILS)
where W is unitary and

W=U0VioU,8V,®...0U, ®V,w

for U, € B(#,) and V, = @e?®d ;. 0(k, @) € R. Defining V,x =
Pe /PRI 0, Vi=1,® Vil @...01_ ®V, o and conjugating both sides
oc} (AIL5) by V, we are reduced to the case of

flg,) = W'#'(I 54 (AIL6)

where W/ =U, @11 @ ... ®U, ® U,~. Let E, be the orthogonal projection on
H;, @ Hi and set #(lg,); —Eﬂ‘(IS )E;.
Since #(1 Sy y=7a S, )l .® ﬂ(f ) it is sufficient to check that each

#g,); = (U; ®1,)J () i=1,2,...00 (AILT)

is unitarily equivalent to fwi(ez). Squaring both sides of (AIIl.7) and using the fact
that

g0} = Jri(€) =1 5.0

one sees easily that
U J(eV;J(e) =1 4 , (AILS)

where J(e') is the conjugation on .7, associated to €. If i < oo, Eq. (AIL8) is

K3
U, - U =1 ,» Where the bar means complex conjugation. Hence U, is a symmetric

matrix and can be diagonalized by means of an orthogonal transformatlon R;:

R,UR! =

1717

where D, is diagonal. Conjugating both sides of (AIL.6) by R, ® 1 ; we see that
(Rgl )#(Ig, ) (R, @1 )% = (D; @1 ). (e)

and we get rid of the remaining phase factors just as we did in Egs. (AILS), (AIL6).
If ¢ = oo, then U_, has the spectral decomposition

1
U, = / eMAIE),

0

and in this case Eq. (AIL8) implies that E(\) commutes with J(e*) for all . We
define

1
W, = / e ™ dEN), W2 =UX
0

o0

and obviously,
J(eW_ J(e®)=Wr .
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Hence conjugating both sides of (AIL7) by W_ ®1 . we obtain

Weo @1 )7, ) oo (WS @1 )
=Wy @1 ) Upe @1 )00 (€Y Wy @1 100)
=W U W, 31 _00)J 00(e®)
= Jroo(e™).

This completes the proof of the Lemma.

Proof of Theorem 2.26. Parts (i)—(iii) follow immediately from Lemma AIL1 and (iv)
is an easy consequence of Lemma 2.22, we omit the proof.

Appendix III. Proof of Theorem 4.42

Proof of Theorem 442. Ad (i). It follows from Theorem 2.19 that the modular

conjugation Jy of 4(K) implements antiunitarily the inversion I, on .%. Hence

Jr © ap—1(AW)) = A - h~! - J) and the right-hand side of Eq. (4.21) is well-

defined. Since p = {p,};cq1 is a representation of %, it follows at once that

pioh = {[){]{‘h} Jcg! satisfies property (i) of Definition 4.1; properties (ii) and (iii) of

Definition 4.1 follow from point (iii) of the theorem which will be proven below.
If Ae A#(h- Iy -I') then

_K,h

ph~Ik~I’(A) =a;ojgoppojgoa,-1(A)=A4,

since ps| g = id| sy It follows that 5*" is localized in h - I - I.
Finally, local irreducibility follows from

pnt (AT - DY NAh- Ty - )
=, 0k 0 priK o op—1(Ah-I - DY n 4h- I - 1)
=y, 0jg 0 p (AL N Ah-Iy-I)
= p,(AD) Mg 0 ap-1(Ah- Iy - D))
= pr(AD) N A
Ad (ii). By definition,
ﬁK’h(A)zahojKopojKoah_l(A), A€ A,
[)Kl’hl(A) = ofopojgroa,1(A), Ac 4.
An easy calculation shows that
PHM(A) = adlay, 0 g (MM @R (B - I - I - h~H1FK M (4)

where § € P/S‘/U(l; 1) is chosen in such a way that s = I, h~'h'I}, € PSU(1; 1).
Ad (iii). Plugging in the left-hand side of Eq.(4.22), the definitions of ,5;{_",‘ J (A) and
of w%{‘ »(9), we obtain the right-hand side by direct computation, using the covariance

of p.
Ad (iv). Let h € PSU(1; 1) be chosen in such a way that h-I;-I = I. By Lemma
2.1 of ref. [33], it is sufficient to show the existence of a unitary implementing p; on
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.74(J) such that j J(u*) implements p‘i’h on .#%(J). Since p is localized in the interval
1, the shifted representation

i, n.1,(A) =adll,(ad;, (Ao p(A), A€ .4 (AIIL1)

is localized in I; - h-1I;-1 = I;-I. In this last equation, ad; denotes the
unique extension to 15.\5’_’U(1; 1) of the automorphism h ~— I;hI; of PSU(1; 1).

If Ae 4(,;I') it follows from Eq. (AIIL1) that
pr,.p(A) =adlly(ad; (W) 1o py, g, 1, /(A
= ad[I',(ad;, (R)*)(A4).
Since I;I' D I;-J' = J we may choose u = Fp(ad,J(ﬁ))*.
Moreover
W) = (LyGady () = Gy o ap, . (D,ad (A1),

by the cocycle identity for I',(-); and

droap, n.r,(,ad;, (A" ) = ay 0§, (T,(ad; (A",
= oy, 0 j;(mg" Iy - ™" - Iy (ady ()]
= [m (W™ Ny, 0 5, () (ad, , (BN
= FpJ,h(B_l)* )

by definition of w%’h.

Since the representation 57" is localized in h - I ;- 1, it follows that the shifted
representation

ﬁi’fl =ad FpJ,h (A" Ho ﬁJ’h
is localized in I; - I. Hence on 4(I; - I'),

A=pyl (A =ad DunRH5]! (A,

A € AI;I'). This means that

ad j ; (u*)(A) = ad[ ;5 (A1) 1(A)
= pi’J’;,(A), VA e 41,

so that j,(u*) implements 57" on .41, - I') D .#(J). This completes the proof of
the theorem.
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